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\^ ' Abstract 

o ■ 

I In the context of type IIB string theory we combine moduh stabihsation and model 

building on branes at del Pezzo singularities in a fully consistent global compactifi- 
. cation. By means of toric geometry we classify all the Calabi-Yau manifolds with 

^ ' 3 < h^'^ < 6 which admit two identical del Pezzo singularities mapped into each other 

under the orientifold involution. This effective singularity hosts the visible sector con- 
taining the Standard Model while the Kahler moduli are stabilised via a combination 
of D-terms, perturbative and non-perturbative effects supported on hidden sectors. 
We present concrete models where the visible sector, containing the Standard Model, 
gauge and matter content, is built via fractional D3-branes at del Pezzo singularities 
and all the Kahler moduli are fixed providing an explicit realisation of both KKLT 
and LARGE volume scenarios, the latter with D-term uplifting to de Sitter minima. 
We perform the consistency checks for global embedding such as tadpole, K-theory 
charges and Freed- Witten anomaly cancellation. We briefly discuss phenomenological 
and cosmological implications of our models. 
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1 Introduction 



Realistic string model building is a major task [T] not that much because there is a very 
large number of string compactifications, but mostly because the experimental constraints 
that have to be satisfied are very restrictive. Conventional field theoretical models neglect 
the quantisation of gravity, allow for the inclusion of as many particles and symmetries as 
needed and, usually, focus on one or very few features beyond the Standard Model (SM). On 
the contrary, for a string model to be realistic, it has to be consistent with all experimental 
observations in particle physics and cosmology. This includes (gauge) symmetries, matter 
content, couplings and mixings, an explanation of baryogenesis, dark matter, dark energy 
and the density perturbations of the cosmic microwave background. At the same time 
it has to avoid unrealistic additional features, such as un-observed long range interactions 
and fractionally charged particles, or unwanted topological defects like monopoles or domain 
walls and avoid cosmological features that could be against the successes of the standard 
cosmological scenario. Even if only one of these requirements is not satisfied the model 
must be ruled out. 

The bottom-up approach to string model building P] is an intermediate step between 
conventional and string model building. Given the magnitude of the problem to find a fully 
realistic string model, the original motivation was that it is more convenient to separate 
the construction in several modular steps. This can be done if the SM is hosted at branes 
localised within the compact manifold. 

In these local models, questions regarding the gauge symmetry, matter content and SM 
couplings (including the number of chiral families, fiavour issues, gauge coupling unification) 
do not depend on the details of the full compactification and can be treated independently 
of global questions such as moduli stabilisation, the value of the cosmological constant, 
supersymmetry breaking and early universe cosmology. This separation of challenges shares 
some of the advantages of conventional model building in the sense that only a few features 
are addressed at a time, while keeping the stringy nature of the models. 

Substantial progress has been made in both of these fronts in type IIB string theory: 

• Quasi realistic local models have been constructed from D-branes at singularities 

and from F-theory constructions (for a review see [T0l - [T2] ). At the moment there are 
a few local models with quasi-realistic spectrum, couplings and mixings, which is very 
encouraging. 

• Moduli stabilisation has been achieved by considering fiux compactifications com- 
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bined with perturbative and non-perturbative corrections to the string effective ac- 
tion [T3HT5] . These constructions have allowed for the first time to stabilise all mod- 
uli, with controllable supersymmetry breaking. The fluxes determine a discrete set 
of solutions which allow to separate most physical questions from the cosmological 
constant problem. Early universe scenarios of inflation have also been found (see for 
recent reviews [TB|[T7]) with features that can be subject to observational scrutiny 
in the next few years. Moreover one of the main approaches to moduli stabilisation, 
the LARGE Volume Scenario (LVS) [TSlfTS] actually implies that the SM has to be 
localised. In fact, in such models the SM cannot be hosted by a brane wrapping the 
exponentially large cycle, giving an independent support to the bottom-up approach. 

However, at the end of the day these two steps of the local constructions need to be combined 
in order to have completely realistic string compactifications. Embedding local models in 
compact Calabi-Yau (CY) compactifications is highly non-trivial. Identification of mani- 
folds with the right local structure and issues of consistency such as tadpole cancellation 
for all D-branes need to be addressed. Furthermore, there is a well-known tension between 
moduli stabilisation of the SM cycle and the existence of chiral matter [19], which, together 
with D-term conditions, tend to stabilise some Kahler moduli towards a collapsing cycle 
and therefore having the SM brane at a singularity |20]422] . This is the challenge that we 
start to address in this article: constructing explicit models of branes at singularities in a 
compact setting with the stabilisation of all moduli. 

Models of D branes at singularities have several interesting phenomenological features 
that are worth emphasising: 

1. Despite not having a simple GUT group the gauge couplings are unified to leading 
order. 

2. The well-known problem of Yukawa couplings of brane models with simple GUT 
groups is not present. There are models with hierarchical masses for all quarks and 
leptons [7]. Furthermore, some of them include realistic flavour features such as the 
structure of CKM and PMNS matrices 

3. The full perturbative superpotentials have been constructed for classes of toric singu- 
larities (and all del Pezzo singularities). Leading to controllable studies of couplings, 
flat directions, etc. In particular, R-symmetries are identified implying the appear- 
ance of a very limited number of couplings (but rich enough to leave to realistic 
properties). 
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4. D-terms tend naturally to stabilise the corresponding modulus to the singular locus. 
Some of the anomalous and non-anomalous U{l)s are broken without a matter field 
getting a vacuum expectation value (VEV) and therefore leaving the associated global 
symmetry unbroken, a property that can be used for forbidding proton decay. 

Recently, progress has been made in two complementary directions. In |23] explicit chi- 
ral models with moduli stabilisation were constructed in terms of magnetised D7-branes 
on a smooth CY. The previously encountered problems, such as tension between chiral 
matter and moduli stabilisation, tension between Freed- Witten anomaly cancellation and 
non-perturbative effects and shrinking induced by D-terms, were overcome. Regarding 
branes at singularities, compact models were constructed in [23H26jl, even though moduli 



stabilisation was not included. In this article, we extend the analysis of [23] to construct 
quasi realistic models on branes at singularities with a fully consistent global embedding 
(including tadpole, K-theory charges and Freed- Witten anomaly cancellation) combined 
with moduli stabilisation. 

In order to make progress on this task we use the following systematic approach. Fol- 
lowing the general discussion in [7] we look for CY manifolds with two identical, non- 
intersecting singularities that can be mapped to each other under the orientifold involu- 
tion. This implies products of U (n) gauge groups and bi-fundamental matter in the visible 
sector which is the most promising area for phenomenology. Further, rigid four-cycles (col- 
lapsed or not) are needed to have at least one hidden sector generating a non-perturbative 
superpotential required for Kahler moduli stabilisation. We use the classification of four- 
dimensional refiexive lattice polytopes made by Kreuzer and Skarke |2^. From this list we 
take the polytopes corresponding to CY manifolds with h^'^ = 4,5 and identify those man- 
ifolds which have two identical non-intersecting del Pezzo singularities (requiring h^^^ > 1 
after orientifolding) . In order to illustrate the techniques, we study in full detail a model 
with two dPo singularities to host the SM and a simple trinification extension. The pos- 
sible breakdown to the SM gauge group is outlined and non-vanishing quark and lepton 
Yukawa couplings are obtained. In Appendix \^ we also briefiy discuss another model with 
dPs singularities. In both cases a complete study on moduli stabilisation is done, from 
a combination of D-terms, perturbative and non-perturbative effects. A general strategy 
with interesting examples for obtaining quiver gauge theories without flavour branes useful 
for phenomenology is presented. In addition, we check which of the CY manifolds allow 
for a K3 fibration which can be useful to realise cosmological models [281432] or anisotropic 



^One compact F-theory uplift of a realistic brane model was already presented in [5]. 
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compactifications |33| . 

The organisation of the article is as follows. In the next section we define the computa- 
tional challenge of finding the CY manifolds with the desired property, spell out how the 
classification of models with h^'^ < 5 is done and review all the consistency conditions that 
have to be satisfied in order to have a full CY embedding of the model. We leave a detailed 
listing of the manifolds to appendix |Bl Section E] describes in detail the geometry of a dPg 
model (we present a dPg model in Appendix , to illustrate how all consistency conditions 
are realised and finally how the SM can arise from D3-branes at dPo singularities without 
flavour branes. In Section [5] we discuss the phenomenology of dP„ models with n > 0, 
also without flavour branes. In Section HJ guided by the explicit example, we discuss how 
moduli stabilisation is achieved. We conclude and list open questions in Section [6l 

2 Global embeddings of D-branes at singularities 

In this paper we want to present a systematic procedure to construct global models at 
del Pezzo singularities (dP„ with n = 0, . . . , sj^ with the stabilisation of all moduli. 

From this class of singularities one can obtain phenomenologically interesting, if not the 
most promising, models by placing D3-branes on top of point-like del Pezzo singularities 
in a CY geometry |2l|6]-|9]. These singularities arise by shrinking a dP„ four-cycle to zero 
size. One D3-brane on top of such a singularity splits into a collection of fractional branes 
with chiral modes in bi-fundamental representations of the resulting unitary gauge groups. 
Their matter and gauge content is conveniently summarised in a quiver diagram, where the 
nodes represent the gauge group and the arrows between them represent the bi-fundamental 
fields. The superpotential can be obtained via dimer techniques [BlEl]- In the geometric 
regime, when the dP„ has finite size, the fractional branes are roughly described as 7-branes 
that wrap the shrinking dP„ four-cycle with a vector bundle (more precisely a sheaf) living 
on its world-volume. This set of 7-branes are stable only at the singular point (when the 
dP„ has zero size). See for a pedagogic review on that topic. 

2.1 Search strategy for compact Calabi-Yau embeddings 

Models coming from D-branes at singularities were analysed in detail from a local point 
of view, studying the theory around the singularity. In order to consider global issues like 
moduli stabilisation and supersymmetry breaking, one needs to embed such singularities 

dP„ surface is given by with n generic points blown up to P^. 
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in compact geometries. This is the aim of the present paper: we will consider type IIB 
orientifold vacua with 03/07 planes, incorporating both dP„ singularities which lead to 
a phenomenologically interesting quiver gauge theory and a global set-up realising moduli 
stabilisation. 

To make contact with the real world, often the local models include also fractional flavour 
D7-branes, passing through the singularities. These branes make the global embedding 
more complicated, as explained recently in [26]. Therefore, we will consider quiver models 
without flavour branes, showing that also these models lead to interesting phenomenology 
and leave the study of globally embedding of flavour branes for the future. 

We also want to restrict to quiver models that are not modded out by the orientifold 
action, since such models tend to produce more interesting phenomenological set-ups. This 
implies that the dP„ singularity is not on top of the 07-plane. Hence, we need a CY 
manifold with two dP„ singularities that are exchanged by the orientifold involution. The 
orientifold action, then, relates the physics at one singularity with the physics on the other 
one. Since a dP„ four-cycle is rigid, the two four-cycles considered must be in different 
homology classes. This already leads to h^'^{X) > 2, for the CY three-fold X, as we also 
want to have finite volume. 

In addition to requiring a globally embedded quiver gauge theory without flavour D7- 
branes that is not modded out by the orientifold action, we implement the conditions to 
have moduli stabilisation. Given that our main interest is to stabilise the moduli realising 
the LVS, we need, on top of the overall volume mode, at least one rigid divisor wrapped 
by non-perturbative effects, i.e. either an E3-instanton or a D7-brane stack where gaugino 
condensation takes place. This immediately leads to the condition h^'^{X) > 4. As pointed 
out in [22], this rigd divisor has to be a 'diagonal' dP„ four-cycle (see [22] for a definition of 
'diagonal' dP„ cycles). Moreover, a limit on the size of h^'^{X) to be less than six simplifies 
the explicit stabilisation of all Kahler moduli. Therefore, we look for CY manifolds X 
satisfying the following properties: 

► The dimension of the second homology group must be h^'^{X) = 4 or h^'^{X) = 5. 

► There are two dP„ divisors and a holomorphic involution exchanging them. 

► The two given dP„ surfaces do not intersect each other and, therefore, they do not 
touch the orientifold plane either. 

► There is a further rigid divisor that is invariant under the orientifold involution. 
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For computational reasons, we only consider CY manifolds which are hypersurfaces in 
four- dimensional toric ambient spaces |36f[5B] . The smooth generic case in this set can be 
described by a four-dimensional reflexive lattice polytope and its triangulations. Kreuzer 
and Skarke generated a list of all these four-dimensional reflexive lattice polytopes [39] 
which after triangulation give the toric ambient varieties for the CY hypersurfaces. We will 
describe these ambient spaces by giving the weight matrix and the Stanley-Reisner (SR) 
ideals. The weights give the linear relations between the lattice points of the polytope or 
rather the rays of the fan. Each ray of the fan corresponds to a homogeneous coordinate of 
the toric variety and the rows of the weight matrix are the actual weights of the equivalence 
relation between them. The information about the triangulation of the polytope, or rather 
the fan of the toric variety, is encoded in the SR ideal. It gives the combinations of the 
homogeneous coordinates that are not allowed to vanish simultaneously. 

By using the data of the toric ambient space, one can compute for instance, the Hodge 
numbers and the triple intersection numbers of the divisors on the CY. Moreover, also the 
Kahler cone of the ambient space can be determined using toric methods. This cone may 
be only a subspace of the Kahler cone of the CY hypersurface. We will discuss this point 
in detail by means of the dPo example that we present. 

The results of this search are the basis for explicit model building with branes at singu- 
larities. The full classification is given in Appendix [Bl In numbers, we find 21 (168) models 
for h^'^ = 4 (/i^'^ = 5) satisfying all requirements with different dP„ singularities. The 
distribution of singularities after a given step of imposing the above constraints is shown 
in Table [TJ 



h^'^ = 4 : 1197 polytopes 


s 


dPo 


dPi 


dP2 


dPa 


dP4 


dP5 


dPe 


dPr 


dPg 


There are 2 dP„ + 0-involution 


82 


9 


5 








2 


10 


31 


25 


The 2 dP„ do not intersect 


68 


9 


2 








2 


10 


27 


18 


Further rigid divisor 


21 


3 












4 


9 


5 


/ii.i = 5 : 4990 polytopes 


S 


dPo 


dPi 


dP2 


dPs 


dP4 


dPs 


dPe 


dPr 


dPg 


There are 2 dP„ & 0-involution 


386 


27 


60 


21 


7 


3 


13 


40 


121 


94 


The 2 dP„ do not intersect 


327 


27 


55 


7 


3 


1 


11 


39 


112 


72 


Further rigid divisor 


168 


14 


16 








5 


28 


68 


37 



Table 1: Summary of the search for polytopes allowing for CY-manifolds with our requirements. The 
numbers indicate the amount of polytopes for a certain dP„ singularity. Different lines show our results 
after imposing more and more requirements. Note that in some cases the rows do not add up to the numbers 
presented in Appendix |B] because some polytopes might have two kinds of del Pezzos. 
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We shall focus on the minimal situation with h^'^ = 4 and show that all the Kahler moduli 
can be fixed. In this case the second homology group splits into a one-dimensional odd and 
a three-dimensional even subspaces, i.e. h^^^ = 1 and /i^^ = 3. Consequently we have one 
complex modulus G coming from reducing the B2 and C2 two-form potentials and three 
geometric moduli Tj which we can relate to the size of the two shrinking SM dP^ divisors, 
the size of the 'non-perturbative' cycle and the CY volume. The G-modulus and the size 
of the shrinking dP„ divisors are fixed by the D-terms of the quiver gauge theory, while 
the other two geometric moduli by a' and non-perturbative effects, leading to the desired 
situation, i.e. a CY with (exponentially) large volume as realisations of LVS or KKLT, and 
with two dP„ singularities. For h^'^ = 5, we have both hh^ = 1 and h^!^ = 2. We do 
not perform a detailed study of moduli stabilisation for these cases but we expect them to 
behave similarly to the simplest case with h^'^ = 4 given that the two local moduli are still 
fixed by the D-terms of the quiver gauge theory, and the volume and the rigid cycle by an 
interplay of a' and non-perturbative effects. In the case h^_l^ = 1, the remaining geometric 
modulus, if rigid, can also be fixed non-perturbatively, while if non-rigid, it will be stabilised 
by string loop effects |^I41). On the other hand, if h]l^ = 2, on top of the overall volume 
mode and the two local moduli, we expect to have two rigid cycles mapped into each other 
under the orientifold involution which will both be fixed by non-perturbative effects. 

2.2 Consistency constraints 

Let us see in more detail which kind of brane set-ups the requirements outlined in the 
previous section allow and what are the consistency constraints one has to check. 

* Orientifold involution: Since we have introduced an orientifold involution, we have 
to compute the location of the fixed point locus. This gives a number of 07-planes 
and possibly 03-planes. One has to check that these RR-charges are cancelled. 

* RR-charges: 

> D7-tadpole: We will cancel the charge of the 07-plane by wrapping D7-branes 
on cycles that sum up to eight times the homology class of the 07-plane. The 
simplest possibility is to consider four D7-branes (plus their images) on top of 
each 07-plane. 

> D5-tadpole: A D5-charge might be induced on the quiver locus in the presence 
of fiavour D7-branes. As we do not have such objects, our quiver model will 
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cancel the D5-charge locally. Other sources of D5-charge are the fluxes on the 
D7-branes. Since we will consider D7-branes on orientifold invariant divisors, 
i.e. divisors that are mapped to themselves by the orientifold involution, the 
D5-charge generated by the flux on one brane is cancelled by the D5-charge 
generated by the flux on the image brane (J-"' = —J^). 

> D3-tadpole: We will have contributions from the D3-branes at the dP„ singu- 
larity, from 03-planes (if present), the geometry of the D7-branes and the 07- 
plane(s) and the flux on the D7-branes. The sum of these contributions must be 
negative, since we will need to switch on bulk three-form fluxes to stabilise the 
complex structure moduli and these contribute positively to the D3-charge. 

\> K-theory torsion charges: Possible K-theoretic torsion charges |^B3] are zero 
in the constructions we consider here. We check this, by using the probe argu- 
ment presented in |44| : such charges are cancelled if, in the given set-up, every 
invariant SU{2) probe brane has an even number of fields in the fundamental 
representation ^5] . 

* Gauge flux and non-perturbative hidden sector: The dP„ divisor wrapped by 
non-perturbative effects is a rigid and invariant cycle. We distinguish the following 
two cases. If the dP„ divisor is one component of the fixed locus of the orientifold 
involution, we will wrap on it a stack of four D7-branes (plus their images), realising 
an 5*0(8) gauge group with gaugino condensation. On the other hand, if the dP„ 
divisor is not part of the fixed locus, we will consider the 0(1) E3-instanton wrapping 
such a divisor. 

In order to generate the non-perturbative superpotential, we must have, in both cases, 
zero gauge invariant flux T = F — B on the world-volume of the D-brane. Here, F 
is the gauge flux and B the pull-back of the NSNS two-form potential. On the 
50(8) stack, a non-zero flux would generate chiral matter, which could destroy the 
possibility of gaugino condensation. Recall that the rigidity of the cycle forbids the 
presence of additional matter in the adjoint representation of the gauge group. On the 
E3-instanton, such a flux would destroy its invariance under the orientifold involution, 
projecting it out from the spectrum. In order to cancel J-", we need to switch on a 
non-trivial 5-field. In fact, the dP„ divisors are non-spin, i.e. their first Chern-class 
Ci is odd, and this induces a Freed- Witten anomaly that has to be cancelled leading 
to the half-integral flux quantisation condition F + ^^^^^ G H^(D, Z) [l6]. This forces 
F to be non-zero and, hence, the 5-field to be i? = F, in order to have J-" = 0. 
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* Gauge flux and chiral modes: Depending on whether the wrapped cycle intersects 
the non-perturbative one or not, there are two possibihties. If the two cycles do not 
intersect each other, one can choose the i?-field such that it cancels both the gauge 
flux on the non-perturbative brane and on the other brane stack. On the other 
hand, if the two cycles intersect, generically this double cancellation is not possible 
and one is forced to have non-zero T on top of the D7-brane stack. This flux will 
break the gauge group to a unitary subgroup and will generate chiral modes both 
at the intersection with the non-perturbative cycle and on the bulk of the D7-brane 
themselves. These chiral modes will enter the D-term of the unbroken gauge group. 
Even though for some choice of the flux one can also cancel the presence of such 
modes, this is model-dependent. 

3 Global embedding of the dPg quiver gauge theory 

In this section we describe a global embedding of a quiver model sitting at a dPo singularity 
in a type IIB orientifold compactiflcation. In Appendix |X] we will present a different global 
embedding with dPg instead of dPo singularities. For this example we pick up the CY 
number two of the list in section IB.lt that has two dPo singularities. This three-fold has a 
holomorphic involution that exchanges the two singularities or the two dPo's in the resolved 
picture. The flxed point locus of the involution does not include the two singular points - 
the resolved dPo's do not intersect the orientifold plane(s). Placing N D3-branes on top of 
one of the two singularities and the image D3-branes on top of the other, we obtain (in 
the quotient space) a quiver model with gauge group SU{NY. 

The D7-charge of the 07-planes is cancelled by putting four D7-branes (plus their ori- 
entifold images) on top of each 07-plane. These D7-branes will not intersect the quiver 
locus and will provide a suitable hidden sector. A cartoon of this geometric set-up can be 
found in Figure [H 

3.1 Geometric set-up 

In the following, we describe the geometry of the Clabi-Yau number two of section IB. II 
All of the following geometric data like SR-ideals, intersection rings, Mori cones etc. were 
computed by means of PALP |i71 - H9] . § 

■^For the analysis of appendix (Bj we use in addition Sage and its toric variety package |50) . 
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Figure 1: A Swiss cheese type CY manifold with four Kahler moduh {h^'^ = 4 and h^_l^ = 1). The CY 
contains two dPo 4-cycles that are exchanged under an orientifold involution. On top of the 07-planes on 
the remaining two four-cycles, D7-branes are wrapped that lead to gaugino condensation needed for moduli 
stabilisation. 

The chosen CY three-fold X is built as a hypersurface in a complex four-dimensional 
toric ambient variety which is described by its weight matrix 
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Z7 
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Deqx 
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(1) 



and its Stanley-Reisner ideal 

SR = {zi zq, Zi z-r, Z5 zj, Z5 zs, zq zg, z\ z^ 2^3} . (2) 

The CY three-fold X is given by a homogeneous equation eqx = in the above toric 
four-fold 1^4. The last column of the table in ([T]) indicates the degrees of the homogeneous 
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polynomial eqx- In the generic case the equation has the following form 

eqx = ^3 (^4^5 - ZeZj^Zg + P^iz^z^ + z^Zifz^ 

+ (-fo'^5^6 + ZA,Z'jz1){ziZ^ + 2:62:7) + Pq'zIzyzI (3) 

+ (-fo ^5^6 + Pq Z4^Z7zl){z4Z5 — ZqZj) = , 

where -P^'^'^ are polynomials in the coordinates (zi, Z2, Z3) of degree k. The Hodge numbers 
of this CY hypersurface are h^'^ = 4 and h^'^ = 112, such that x = —216. 

The toric divisors D4, and are all or dPg. Furthermore, these three del Pezzo 
four-cycles do not intersect each other. 

As a basis of H^'^{X) we may choose 

Tb = D^ + D, = De + Dj, Tg, = D^, T,, = Dy, = , (4) 

where the label stays for 'big' since this will turn out to be a large four-cycle controlling 
the overall size of the CY, 'gj' z = 1,2 for 'quiver' since these will be the two four-cycles 
exchanged by the orientifold action which are collapsed to zero size by the D-terms, and 
's' for 'small' since this will turn out to be a divisor fixed by non-perturbative effects in 
the geometric regime but at a size much smaller than the large four-cycle. Note that this 
basis of integral cycles is not an 'integral basis', i.e. it does not generate the full H^'^{X, Z) 
by integral combination^ In this basis the intersection form can be diagonalised, implying 
that the quiver cycle does not intersect the small cycle or the big cycle 

h = 27Tl + 9r^^ + 9r^^ + 9r^ . (5) 

Finally, the second Chern class of X is: 

C2(x) = ^(sr^ - r^^ - Tl - r^) - ^r,(r,, + r,j + ir,(r, - r,, - r,j, (6) 

where the 1/3 factor appears because we are not using an integral basis, but C2{X) is of 
course an integral four-form. Expanding the Kahler form in the basis @ as 

we obtain simple expressions for the volumes of the three dPo divisors (Vol(D) = ^ J A J) 

T,, ^ Vo\{D,) = ^-tl, T,, ^ VoliDr) = ltl, ^ Vo\{Ds) = ^ (8) 

*For example, Di = ^(Tb — — Tg^ — Fg). An integral basis is given, for instance, by Di, D4, Dj, Dg. 
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and the 'big' four-cycle is given by 



27 



n = Vol(D4 + D^) = Yo\{D^ + D-r) = —ti. 
Finally the volume of the CY three- fold can be written in the 'Swiss-cheese' form: 



T, 



3/2 



3/2 ^ 3/2) 

92 ' 's J 



(9) 



(10) 



where Vol(X) = i J A J A J. 
Orientifold involution 

As mentioned above, we require an orientifold involution that exchanges two of the three 
dPo divisors present in X, and such that these two dPo's do not intersect the 07-plane(s). 
These criteria are met by the following automorphism: 



Z4 <H- Zf 



and 



(11) 



To make the CY X symmetric under this holomorphic involution, we have to restrict its 
complex structure such that the defining equation eqx = 0, given in ([3]), is symmetric under 
the involution. This is realised by setting Pq~ and Pq identically to zero. We call eqx the 
symmetric form of eqx- The two exchanged dPo's are located at 2:4 = and 27 = 0. In 
this section we study the generic point in the Kahler cone, where these two dPg four-cycles 
are of finite size. Eventually we will go to the boundary where both of them shrink to zero 
size, generating two dPo singularities. 

The (anti-)invariant monomials of the involution flTT]) are 



1/4 = Z4Z7. 



Vl = ^5 



2/5 — 24 2:5 + Zq Z-j 



and 



y% — Z4^Z^ — Zq Zj 



(12) 



To compute the fixed locus of this involution, we rewrite the CY, via a Segre map, as a 
complete intersection in the following toric ambient space: 



Zl 


Z2 


Z3 


y4 


Vb 


Z/6 


yi 








1 


1 


1 





3 


3 


6 





9 


6 











1 


1 


1 


1 





2 


2 














1 


1 


2 


1 


3 


2 



(13) 



SR = {1/4 1/5, y4 ye, yi zs, zi Z2 z^} . 

The two hypersurface equations defining the CY three-fold are eqx = 2/5 — yl ~ ^ ^4 2/7 = 
and the invariant hypersurface equation eqx = 0. In this parameterisation, it is straightfor- 
ward to compute the locus on the CY three-fold that is fixed under the involution. In the 
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new coordinates, the orientifold involution maps Uq —y%- Hence, the divisor {uq = 0} is 
obviously fixed under the orientifold involution. However, the set of fixed points is larger, 
as we can compensate the minus one factor of Uq by a rescaling. In fact, consider the locus 
7/5 = = in the ambient space. Its points are fixed under involution since they are 
mapped as 

[Zi, Z2, ^3, ^4, 0, 2/6, 2/7, 0) f-^ (Zi, Z2, Z^., ?/4, 0, -1/6, 2/7, 0) ~ (^1, ^2, 2^3, 2/4, 0, 2/6, 2/7, 0) . (14) 

In the last step, we have undone the minus sign using the last row in f lT^ . This fixed 
point set is the only extension to 2/6 = 0. It is given by a co-dimension two locus in the 
ambient space, contrary to {2/6 = 0} that has co-dimension one. When the equation is in 
the orientifold-symmetric form, the locus {2/5 = = 0} intersects the CY non-transversally 
in a submanifold of X of co-dimension one|j This happens since 2/5 = = implies the 
vanishing of the invariant CY equation egj^ = 0. Moreover, this locus is equivalent to the 
locus zg = in X. In fact, if one sets zg = in the symmetric version of ([3]), one obtains 
Pq z^zq {Z4Z5 + Zqz-j) = 0. Since, z^zg and z^zg are in the SR-ideal, the CY equation just 
reduces to 2/5 = (^4^5 + ^6^7) = 0. 

Hence, for the chosen involution we have two 07-planes: 

07-planes Locus in ambient space Homology class in X^ 

071 : 2/6 = 2:42:5 - 262:7 = Do7, =Dq + Dt = Vi, (15) 

072 : 2/5 = 2;g = Do7^ = Ds = Ts 

Kahler cone and relevant volumes 

The Kahler form J has to lie within the Kahler cone which is equivalent to the statement 
that the integral of J over all effective curves has to be positive, i.e. J > for all effective 
curves Cj. The effective curves also form a cone, referred to as the Mori cone, which is dual 
to the Kahler cone. Expanding J in a basis {Fj} of H^'^{X), J = Yli^i^i^ Kahler cone 
conditions map to restrictions on the coefficients tj 

0<^ J = ^t.(^ r,) =:^t,A,,. (16) 

The matrix Aji is the intersection of the Mori cone generators Cj with the divisors (Poincare 
dual of) Fj. In the following, we will also refer to Aji as the Mori cone. 

^In the case of a generic hypersurface equation, it would generate a co-dimension two locus on the CY 
three-fold. This would be an '05-plane' instead of an 07-plane. 
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If we choose, for the moment, the integral basis {Di, D4^, Dj, Dq} for H^'^{X), then we 
have the Mori cone of the ambient space Y4 in the following form 

/ -1 
0-1 
: 

\ 1 

In principle, not all the effective curves of I4 lie in the Mori cone of X. The Mori cone 
of X can be smaller than the Mori cone of Y4, implying a larger Kahler cone for X. This 
means that the Kahler cone of Y4 is only a subspace of the Kahler cone of X and may 
not include interesting points of the Kahler moduli space of xj^ In order to obtain a 
better approximation for the Kahler cone of X, we have to discard from the Mori cone of 
1^4 curves that are not in the Mori cone of X. There are curves for which we can check 
straightforwardly whether they must be omitted. They are the curves that have a negative 
intersection with surfaces in X of which we know all the geometry and hence in particular 
the Mori conej^ The fact that an intersection number in (fT7j) between a curve and a divisor 
is negative, tells us that such a curve must lie in that divisor. If we know the Mori cone of 
that divisor, we can look whether the curve under consideration belongs to this Mori cone. 

In our case, the surfaces D4, Dj and Dg are well known surfaces, i.e. P^'s; therefore, we 
know their (one-dimensional) Mori cones: 

(1,-3,0,0), (1,0,-3,0), and (1,0,0,-3), (18) 

for D4, D-j and Dg, respectively]^ The only lines in Aji with negative entries on the inter- 
sections with D4^^ D-j^ must be (fTSl) . The three rays (curves) corresponding to the first 
three rows in (fT7|) have each a negative intersection with D4, D-j and Dg, respectively, and 
lie, therefore, in these divisors. However, as we can see from (ITS]) , they are not part of the 
Mori cones of the three P^'s and, therefore, not in the Mori cone of X as well. So, we have 
to discard the curves Ci,C2,C3. We also omit positive combinations of the Ci,C2,C3 that 
give a row in Aji with a negative entry. Furthermore, as we see by inspecting f|T8|) . we must 
have the following rays in the cone: 3Ci + C4 and 3C2 + C4. For higher combinations — 
higher multiples (only) of the first respectively second row — the curve is either irreducible 

^In particular, in our example it does not include the point we are interested in, i.e. when two dPo's 

collapse to zero size, while the third is finite. 

^We thank Sheldon Katz for enlightening discussions on this point. 

^We used that the divisor Di restricted to the three P^'s gives in each case the hyperplane class H on 
the three P^'s. In fact, we have the intersection numbers DfDi = D\D-j = DfDs = 1. 



1 \ 

1 

-1 
-3/ 



(17) 
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and not in the Mori cone of the CY or sphts up into a part that is in (fT8|) and a part that 
is not in the Mori cone. The final result is 



/o 




1 
1 



1 




-3 




1 



-3 




o\ 



1 

-3 


0/ 



(19) 



where Cj are the new generators of the Mori cone. 

The result (1191) is in agreement with the 'extended' Mori cone of Pi, 1,1.3,3 with just one 
blow-up (corresponding to keeping only row one and three in table ([1])). The CY X at hand 
is almost the CY hypersurface in this ambient space. Pi, 1,1,3,3 has a locus of Z3-singularity 
along the curve Zi = Z2 = Z3 = 0. The CY hypersurface always intersects this locus in three 
Z3 singularities. The toric divisor that blows up the singular locus in the ambient space 
splits into three divisor classes on X. These are the three dPo's that resolve the three Z3 
singularities on X and correspond to D^, Dj and in our description. The Mori cone of 
the resolved ambient space is given in this case by: 



(20) 



which becomes ( IT9|) if we take the splitting of the exceptional divisor into account. 

For later convenience, we expand J in the basis (jl]) as done in ((71). After implementing 
the change of basis in the matrix (fT9|) . we obtain in the new parameterisation the following 
Kahler cone conditions on the coefficients t,-: 




tb + tgi > 



+ t„2 > , tb + t,>0, t„i < , 



tg2 < 



< . 



Under orientifold involution, the Kahler form is even and must therefore belong to (X). 
This is obtained by taking tq-^ = tq^. Moreover, eventually we want the two dPo divisors 
at 2:4 = and 2:7 = to shrink to zero size in order to generate the two (exchanged) dPo 
singularities. This is realised on the boundary of the Kahler cone given by tq^ 
The remaining Kahler cone conditions are then 



"92 



0. 



+ ts > 



and 



t., < . 



(21) 
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3.2 Brane set-up 

We consider the case when the two dPo divisors, D4 and D7, are collapsed to zero size, 
generating two C'^/Za singularities, while the other dPo divisor, Dg, is of finite size. As we 
shall see in section 14.21 the shrinking of the two Kahler moduli r^^ = Tg^ is forced by the 
D-terms. 

We have the following set of D-branes and 0-planes: 

• There are two orientifold 07-planes, one at 2:4^5 — ZqZj = 0, lying in the class F^, and 
the other at zs = 0, in the class Tg. The two fixed loci are disconnected and do not 
intersect each other. 

• To cancel the D7-charge of the 07-planes, we put four D7-branes (plus their images) 
on top of each 07-plane. This generates a hidden sector gauge group 5*0(8) x 5*0(8). 

• We put Nos D3-branes on the singularity at 24 = and their Nd^ images on the 
singularity at 27 = to have an invariant configuration. The visible sector is given 
by these D3-branes. The gauge theory is S'?7(A^£)3)^E 

D-brane charges of the chosen set-up 

A global consistent construction must have zero charges along the compact directions. In 
our case, we have D7-branes and fractional D3-branes. The RR charges of both of them 
are formally expressed by the 'Mukai' charge vector of D7-branes. In fact, a D3-brane at a 
singularity can be roughly seen as a collection of fiuxed D7-branes wrapping the shrinking 
divisor]^ The total D-brane charge is given by the sum of the Mukai vectors of each object 
in the D-brane configuration. 

The Mukai charge vector of a D7-brane is given by the following polyform 



^^^^ 5^7=/ OAe-^AT,. (22) 



^Two of the three U{1) factors are anomalous, and become massive by eating up the local axions given 

by the reduction of the RR forms C4 and C2 on the dPo divisor and its dual two-cycle (the canonical class 

of iJ^'^(dPo))- The remaining U{1) factor is an anomaly-free U{1) but it decouples since it becomes a 

trivial overall U{1). This leads to the phenomenologically interesting trinification models with gauge group 

SU{3)c X SU{3)l X SU{i)R as discussed later in Section [3H 

^'^More precisely, a D3-brane at a singularity splits into a collection of fractional branes. The fractional 

branes are described by (coherent) sheaves £. 
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Here D is the divisor wrapped by the D7-brane, Td(V^) = 1 + |ci(y) + j^CiiVY + C2{y) + ... 
is the Todd class of the vector bundle V , TD is the tangent bundle of D and ND the normal 
bundle of D in X while Qh{£) is the Chern character of the vector bundle (more precisely 
a sheaf) £ living on the branel"] 

Expanding (|22|) and using the fact that X is a CY, we obtain 

To-j{D, J-) = e-^Ts = [Z^] (l + ^ + A ^ + ^) , (23) 

with J-' = F — B and F = Ci{£) + Looking at 5*157 in (122]), one finds that, in T^j, 

the two-form encodes the D7-charge, the four-form the D5-charge and the six-form the 
D3-charge. The charge vector of the image-D7-brane DT, wrapping the image divisor D' 
is given by ToriD', -J^)- 

An orientifold plane wrapping the divisor D has the following charge vector 



ToriD) = -8[D]A^I = [D] ("8 + ^ ) with Sor = / CATor, (24) 



where L{V) = 1 + |(ci(V^)^ — 2c2{V)) + ... is the Hirzebruch L-genus. 

In our set-up, the D7-brane stacks have been chosen in such a way that they trivially 
cancel (globally and locally) the D5- and the D7-charges: The D7-charge of the 07-plane is 
cancelled by D7-branes wrapping divisors of class [Dd?] = Sf-Do?]- This can be realised, as 
in the chosen set-up, by putting four D7-branes plus their images on top of the orientifold 
plane. Given the D7-branes wrap the same divisor as the image-D7-branes (i.e. [D'] = [D]), 
the four-form of the corresponding charge vectors ( 123|) are opposite to each other and hence 
cancel the D5-charge, 



■E 

It remains to compute the D3-charge. The D3-charge is obtained by integrating (minus) 
the six-form component of the charge vector. In particular, for a set of four D7-branes with 
the same flux background (plus their images) on top of the 07-plane wrapping the divisor 
D, the D3-charge is 

Qd3 = I (-8 e-^'TDiiD, F) - ToiiD)) = -8x1/ ^ a ^, (25) 

six-form Z Z 



X 



D 



where = F — B is the gauge invariant flux. In our case, when we have non-zero brane 
flux J^b and J^s on the two stacks D7b and D7s on top of the two 07-planes wrapped on Tb 



^-•^The charge vector can also be written in an equivalent way as Td7 = [D] A ch(yV) A y "xInd) ^^^^'"^ ^ 

1 /2 

is the A-roof genus and W = £ ® Kg is the sheaf whose first Chern class is identified with the gauge flux. 
^^When D' is in a different class from D, one needs to check if it is cancelled. 
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and (and minus the same fluxes on the image-stacks), the total D3-charge is given by 



Q^Ss + Q^dI = -60 - 4 ^ J^^ + J^^j , (26) 

where we have used the intersection numbers ([5]) and the fact that the Euler characteristics 
of the divisors wrapped by the 07-planes are xi^e + -D7) = 117 and xi^s) = 3 (recall 
that on a CY three-fold X the Euler characteristic of a divisor D is given by x{D) = 
J^{D.c,{X) + D^)). 

The quiver locus is given by the two dPo singularities at 2:4 = and z-j = 0. Since 
62(dPo) = 1, all the divisors on a dPo are proportional to the hyperplane class H that 
generates if^'^(dPo). Let us consider the dPo at Z7 = 0. From the intersection number 
D7 n Di n Di = 1, we see that -DiIdt = H. A fractional brane a corresponds to a bound 
state described by a coherent sheaf Fa on the dPg surface; it is characterised by the charge 
vector of a 7-brane wrapping the shrinking divisor. For a dPg singularity, one has three 
types of fractional branes. The geometric part of the vector (y^ Td(^5 ^) same for 

all of them as they wrap the same divisor. The flux (sheaf) part is different for the three 
fractional branes and is given by [51] 



ch(Fo) = -1+eH -^H AH , (27) 

ch(Fi) = 2-eH -^H AH , (28) 
ch(F2) = -1. (29) 

We can now compute the total charge vectors ( 122|) for the three fractional branes wrapping 
the locus at 2:7 = 0: 

= [D,]A{-l + ii-l)[D,] + ile-l)[D,]A[D,]} , (30) 
r^, = a{2-(£-3)[Di]-(|£-2)[A] A[Di]} , (31) 

r^, = [D,] A {-1 - l[D^] - l[D^] A [D^]} . (32) 

If the three fractional branes have the same multiplicity Nd^, their total charge vector is 
just multiplied by the sum of their charge vectors 

Nd3 ■ (Tp^ + Tp, +Tp,) = -Nns ■ [Dj] A [D,] A [D,] . (33) 

This means that their total D7- and D5-charges are zero. Moreover integrating (minus) 
it over the CY three- fold X, we obtain a D3-charge equal to Np,^, with Np^ = 3 in the 
case of trinification models. The same happens for the fractional branes at ^4 = 0. Since 
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we want an orientifold invariant configuration, we need to take the same multiplicity N03 
of fractional branes. We then have for the D3-charge of the quiver locus (in the covering 
space) 

g™ = 2 X iV^3 = 6 . (34) 

Chiral spectrum in the bulk 

On the D7-brane stacks we can have chiral matter only on the bulk of the D7-branes. In 
fact, in the chosen configuration there are no intersections among the two stacks. 

First we consider possible massless scalars in the adjoint of 5*0(8). These are given by 
reducing the D7-brane gauge field on the h^'^{D) one-cycles of the wrapped divisor D and 
by the h'^'^{D) deformations of the divisor D. In our case we have h^'^iTh) = h^'^iTg) = 
h^'^{rs) = and h^'^iTh) = 11. The 11 scalars living on the DT^-stack on the large cycle 
Tb might be lifted by a gauge flux that is trivial^ within the CY X [52|I53]. 

Chiral massless fields can be generated by switching on a non-zero flux J-". If J-" is the 
same for each of the four branes of the stack, then it breaks the gauge group as 

S0{8) SU{4) X U{1) . (35) 

This induces the following number of chiral states in the antisymmetric representation of 
SU{4) 

I^= [ J^A [D7] A ([^7] + [07]) = 2 [ J^A [07] A [07] , (36) 
Jx Jx 

where we used that in our case [D7] = [07]. If we can set J-" = for both stacks, we will have 
no chiral states coming from the D7-brane stacks (and we can have gaugino condensation 
on both D7-brane stacks if the adjoints on Ff, can be lifted by an appropriate choice of 
trivial fluxes). 

3.3 Consistency conditions 

As mentioned in Section [2] the D7 tadpole charges are automatically cancelled by placing 
the appropriate number of D7-branes on top of the 07-planes. Also the K-theory torsion 
charges are cancelled by construction as explained before. We now concentrate on the 
Freed- Witten anomaly and D3-brane charges. 

By trivial flux we mean two-forms of D whose Poincare dual two-cycle in D are trivial as two-cycles 
of the CY. 
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Freed- Witten anomaly and gaugino condensation 

The two D7-stacks wrap non-spin divisors. This imphes that we have to switch on non-zero 
gauge fluxes F on both stacks. However, this may be dangerous for what we want to do. 
In fact, as discussed above, it would generate chiral matter that could kill the gaugino 
condensation on the given stack. In turn, this would prevent the corresponding terms in 
the superpotential that are necessary to stabilise the volume of the CY. 

The simplest solution of this problem is to set the gauge invariant flux T = F — B to 
zero by switching on an appropriate 5-field. Usually, choosing a 5-field that sets J-" = 
on one stack, makes it impossible to set J-" = also on the other stack. However, our case 
is non-generic as we can choose a i?— field which cancels the Freed- Witten gauge fluxes on 
both D7-brane stacks. This is due to the fact that the two divisors have zero geometrical 
intersection. 

In detail, the two Freed- Witten fluxes are 

F, = ^ + ^ and F, = ^. (37) 
2 2 2 ^ ^ 

Vanishing gauge invariant flux J-;, = J-'^ = can be achieved by the following choice of the 

S-field 

B = ^ + ^ + ^, (38) 
2 2 2' ^ ' 

where we used the fact that Dg is trivial when restricted to Dq + Dj and viceversa. These 
considerations imply that, if the 11 adjoint scalars on can be fixed by an appropriate 
trivial flux, the hidden sector on both Tf, and will consist of a pure A/" = 1 SYM theory 
which undergoes gaugino condensation. More precisely, supports a pure 5*0(8) theory 
whereas the fluxes on F;, break 5*0(8) down to SU{4) x f/(l) where no chiral matter is 
generated and the U{1) factor remains massless as the fluxes are trivial. Therefore, the 
bulk superpotential will take the form 

W = Wo + Ase-"^'^^ + Abe-""'^'' , (39) 

where Wq is the VEV of the tree-level superpotential generated by the background fluxes 
H-^ and F^ which fix the dilaton and the complex structure moduli. For a pure 50(8) 
theory becomes 7r/3 and = tx j2 for a pure 5[/(4) theory. and T^, are the complex 
Kahler moduli defined as = + ic^ and Tf, = r^, + \Ch where = /p O4 and = Jp^ O4. 

Another kind of Freed- Witten anomaly is present if the three-form NS flux Hj, has a 
non-trivial pull-back on the D7-brane world- volume |3B]. In our case this cannot happen, 
whatever Hj, we have, as the four-cycles wrapped by the D7-branes have b^{D) = 2/i^'° = 
(for both D7-brane stacks). 
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D3-charge 

The D3-brane charge of this configuration is given by Q^^^^^ + (5^3 + Q£)\, where Q'^^^^^ is 
the contribution from the fractional branes and (^^3 ^ come from the two D7-brane stacks 
on Ffo and Tg. If we set the fiuxes J-;, = J-'s = 0, we have the following total D3-charge 

Qd^ + QdI + QdI = -60 + 2Nn3 = -54 , (40) 

where N^^ = 3 is the number of D3-branes at the singularity. We see that there is still 
room for the D3-charge coming from the three-form fiuxes H3 and F3 which are needed to 
stabilise the dilaton and the complex structure moduli. 

Possible Whitney-brane 

There is a slightly different set-up that is worthwhile to mention. We may keep the visible 
sector on the fractional branes on the dPo singularity and four D7-branes (plus their four 
images) wrapping the 07-plane on Tg (at zg = 0). The new ingredient could be a 'Whitney 
brane' cancelling the D7-charge of the 07-plane on Tb [M]- This means that we would have 
a fully recombined orientifold-invariant D7-brane in the class 

[D7w] = S[07i] = 8iD, + Dj). (41) 

This would generate a large (negative) D3-charge which may be useful to fix the complex 
structure moduli. In fact, in this case the total D3-charge would be (see [23] for the 
procedure to compute this contribution) 

QdT + QdI + QdI = -438 + 2iVz,3 = -432 . (42) 

The given Whitney brane has no intersection with the other branes, and so cannot generate 
chiral modes. Moreover there is no gauge group living on it, and so we would not generate 
a Tfo-dependent non-perturbative contribution to the superpotential. 

3.4 dPo Trinification model 

The trinification model at the dPo singularity naturally leads to three families and the 
matter content of the MSSM. The chiral matter spectrum under SU{3)c x SU (3) l x SU{3)fi 
is (see Figure [2]): 

3[(3,3,1) + (1,3,3) + (3,1,3)]. (43) 

^^The problem may come from a possible FW anomaly of the second kind, arising due to a possible 
non-zero pull-back of on its world-volume (one should the compute b3{D7w) = h^'^{D7w) and check 
that it is zero). 
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The superpotential arising from the D3-D3 states has a SU{3) flavour symmetry reflecting 





Fi gure 2; Left: The dPo quiver encoding the weU-known SU{n)^ gauge theory (in the absence of 
flavour branes) and three bi-fundamental fields between the different SU{n) factors. Right: The specific 
case of 77, = 3 which gives rise to the trinification model based on three copies of SU{'i). The labels 
iS'J7(3)c X 5?7(3)l x S'[/(3)_r indicate which of the SU{i) factors gives rise to which SM gauge groups. 



the isometry of the C^/Za geometry, and it is given by 

W^local = Cijfc CC^C^ . 



(44) 



Generically additional couplings will be induced when the local geometry is embedded in a 
compact model, inducing a small breaking of the local SU (3) isometry by compactification 
effects [55|l56]. From the local perspective the corrections can be understood from non- 
commutative deformations of the background geometry |57 | l58 ] ,^ In a similar fashion it is 
argued that non-perturbative corrections to the superpotential can be induced from such 
bulk effects [59|[60]. The size and presence of the given bulk induced operators depend 
on the flux/source background and generically these operators are suppressed by inverse 
powers of the bulk volume (cf. |56] and references therein). A detailed study of the presence 
of these flux/source effects at this stage is beyond the scope of this article and we take at 
this stage the phenomenological point of view that such couplings can be present. We hence 
are left with the generic gauge invariant superpotential 



W = Vijk C'C^C^ + Ki det C' . 



(45) 



^^Note that non-commutative deformations of the local geometry as described in |57(l58] can lead to 0(1) 
deformations of the superpotential of the gauge theory, i.e. the induced superpotential couplings due to the 
non-commutative deformations do not have to be treated as perturbations to the couplings obtained from 
the geometry without such deformations. 
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Towards the SM within the dPo singularity 



The restriction to dPo and no flavour branes Umits the possible models leading to a SM 
gauge theory at low energies. Here we would like to discuss the phenomenological properties 
of the triniflcation model with the primary focus of obtaining the SM gauge and matter 
content as well as the Yukawa couplings. The SM fleld content is contained in the matter 
arising at the dPo singularity as follows: 
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Both flelds Bl and Br are chiral exotics that obtain masses upon breaking to SU{2)l x 
SU{2)r X U{1)b~l as discussed later in this section, f is a SM singlet and will be used 
to break to the intermediate left-right model. Recall that there are three copies of each 
multiplet. For the phenomenological analysis we assume the following superpotential 
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Note that the lepton Yukawa couplings and the /^-term are contained in the non-perturbative 
contribution including $: 



K det $ = K {vHuHd - vrHuL + CRHaL) . 



(48) 



We note that the couplings K/^ jdetQ^ + det Q/j can be dangerous regarding proton 
decay and a mechanism suppressing these couplings, while keeping the coupling for the 
$-field, needs to be present. 

The breaking to the SM gauge groups can be achieved in two stages: 

SU{?,), X SU{?,)l X SU{?,)r ^ 5f/(3), X SU{2)l x SU{2)r x U{1)b-l 

SUiK),^ SU{2)lxU{1)y ■ 

The flrst breaking is achieved by generating a VEV for one $*-fleld of the following type: 

/ ^ 

($) = . (49) 
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The second breaking is achieved via a VEV for a right-handed sneutrino uj^. Both fields 
acquire a non-zero VEV when one soft scalar mass becomes negative upon RG-evolution. 
As we discuss later in section 14.21 such VEVs do not resolve the singularity and so the EFT 
is under control. 

Such a radiative breaking can appear with universal boundary soft-masses as discussed 
in Section I4.3.2I The relevant RG equations for the soft-masses and supersymmetric pa- 
rameters are well-known as reviewed for example in [61]. As in the MSSM, it is crucial to 
identify a large positive contribution to the /3-function of the soft-scalar mass for one of the 
^-fields. We find distinct /3-functions for the soft scalar masses of the following type (see 
appendix O for more explicit expressions): 

/3m^ = ^ [-32/|M|2 + (9^2 ^ 27m2) (2 + /.(A.^))] , (50) 

where g denote the gauge coupling, M the associated gaugino mass, A the universal A- 
parameter, m the universal scalar mass and fi{\ab) is a function of the superpotentials 
couplings. Given a suitable choice of Yukawa couplings one can easily achieve a signifi- 
cantly larger /3-function for the $-field from the above equations (cf. fll04p for an explicit 
example). Assuming a negative soft-mass for $ at some scale < Mg generated through 
RG-evolution, let us discuss the mass spectrum after this breaking focusing on the scalar 
potential for the $i fields: 

where gi^R denote the gauge couplings for SU{3)l^r. The VEV in ( 149|) is F-fiat but leads to 
a non vanishing D-term potential. Demanding an extremum of the potential [dV/d^ = 0) 
equips us with the following condition 

ml = -l{gl + gl)v'. (52) 

At this point in the moduli space we find the following three distinct mass eigenvalues for 
the components of the $-field: 

(^0, 2v' {-4{gl + gl) + ^R), |(^i + gj,) v'^ , (53) 

where the vanishing eigenvalues (nine of them) correspond to Goldstone bosons and these 
degrees of freedom are eaten. The second eigenvalue (and hence all eigenvalues) can be 



dW 



(51) 



25 



positive if k is large enough,^ Note that without the presence of the non-perturbative 
effect we would not find a minimum leading to the desired symmetry breaking. The third 
eigenvalue is unique. Since all masses are positive at this extremum we have found a 
minimum of the scalar potential that allows the breaking to the SM. 

In this breakdown some of the scalars associated to SM fermions obtain large masses, 
whereas the fermions themselves do not obtain large masses. In fact, we have three contri- 
butions to fermion masses for the fermionic components of the $-fields: 

vCferm.mass = ^l.X'^i^jk + iflX^^J^k + M^X^X'^ + M^^A^^^ + Yukawa interactions , 

where A" (and A") denote the gauginos for SU{3)l (and respectively SU{3)r). Given the 
VEV in eq. (H9|) we then find the following mass matrix: 
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\ / A- \ 

A+ 



(54) 



where the (.) indicates the appropriate flavour family structure and respectively the inclu- 
sion of all gauginos. The above mass matrix has eigenvalues Ma, M^, and the normal mass 
eigenvalues arising from the lepton Yukawas. Despite supersymmetry being broken, the SM 
leptons remain light as phenomenologically desired. 



4 Kahler moduli stabilisation 

In this section we shall assume that the dilaton and the complex structure moduli can 
be fixed by turning on appropriate background fluxes (we showed that in our set-up the 
D3-tadpole leaves space to switch on and F3), and focus only on the stabilisation of the 
Kahler moduli. 

Given that we are interested in quiver gauge theories from del Pezzo singularities, we 

need to study the effective field theory (EFT) expanded around this singularity and then 

show that the moduli can indeed be fixed in this regime. Even if this regime is different from 

the standard geometric regime, where all the cycles have a size larger than the string scale 

^s and the EFT can be computed in a reliable way via dimensional reduction, there has still 

to exist an EFT in the vicinity of the singularity since we know that string theory is well 

defined in the singular regime where most of the worldsheet computations are performed. 

^^We note that this can be a severe constraint since k is very suppressed. However, we have not yet 
explored the role of other operators, such as higher dimensional couplings in the Kahler potential, that 
could be used for lifting potential negative directions. 
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4.1 Effective field theory near the singularity 

For concreteness we shall focus on the dPo example presented in the previous section. 
Furthermore we shall consider the divisors Tb and Fg in the geometric regime, whereas 
the dPo divisors Fg^ and Tg^ at the singularity and expand the EFT around this point 
following |7]. 

Let us start by analysing the moduli content after the involution. Defining = D^+Dj 
and = — D-j, is invariant under the involution whereas goes to minus itself. 

m m 12 

The closed string moduli of the 4D EFT are the axio-dilaton S = e"''' + iCo, hj. complex 
structure moduli {h^_^^ vector multiplets), /li'^ = 1 Kahler modulus given by 

G = b + ic, (55) 

where b = J^^ B2 and c = C2, and the following h]^^ = 3 Kahler moduli 

Tb = Tb + icb , Ts = Ts + ics , T+ = r+ + ic+ , (56) 

where r+ = Vol(i^+) = | fj^^ J A J and c+ = Jj^^ C^. Notice that T„ is projected out. 
The tree-level Kahler potential with the leading order a' correction takes the form 

K^-2Jv+\\^^Il±Il±^^^^±^^^+'^, (57) 

where from Equation ffTOj) we have that V = a (^t^^^ — a/Sts^^^^ with a = The 
coefficient C, = — x(-^)C(3)/[2(27r)'^] ^ 0.5 controls the leading order a' correction |62) . 
while are visible sector matter fields. Moreover, qi and q2 are the charges of the local 
moduli T+ and G under the two anomalous U{l)s with vector multiplets Vi and V2III 

The superpotential is instead given by the sum of the local superpotential (jH]) (with 
0(1) non- commutative deformations of the background geometry which induce generic yijk 
Yukawa couplings) and the bulk superpotential (15^ 

W = IViocai + W^buik = Wo + y^jk C'C^C' + A, e- 1 + Ab e"? , (58) 

where we expect the prefactor As to be independent of chiral matter at the quiver locus 
due to the geometrical separation between this four-cycle and the collapsed dPo divisor. 
On the other hand, Ab may in principle depend on visible sector matter fields but only on 



^^We assumed, without loss of generality, that only T+ is charged under C/(l)i while only G is charged 
under U{1)2- This can always be accommodated at the expenses of introducing a kinetic mixing between 
the two anomalous U{l)s. 
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gauge invariant combinations of them since the Kahler modulus Tf, does not get charged 
under any anomalous U{1) at the quiver locus due to the absence of intersections between 
the corresponding divisors. Hence the term k det C in fH5|) might correspond to the term 
Ahe~^'^'' in (158|) with k ~ e"?^* and detC ~ Ah. As we have seen in section [331 this term 
might be important to have a radiative breaking of SU{3)^ to the MSSM. 

Notice that we did not write down in W any non-perturbative term in T+ and G since 
these moduli get charged under the two anomalous U{l)s of the dPo quiver. Thus gauge 
invariance of the superpotential will always induce a prefactor that depends on visible sector 
fields which do not acquire non-zero VEVs at the string scale. Therefore the four-cycle 
supporting the visible sector has to be fixed via either D-terms or perturbative corrections 
to the Kahler potential. A combination of both effects in the case of intersecting rigid cycles 
has been used in [23] to fix the visible sector cycle in the geometric regime. We shall now 
instead show that, in the case of a diagonal del Pezzo divisor which does not intersect other 
cycles, just the D-terms are sufficient to force its shrinking to zero size, leading to quiver 
gauge theories. 



4.2 D-term stabilisation 



4.2.1 Shrinking from the singular perspective 

The D-term potential for the two anomalous U{l)s can be written as 



V, 
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D 



quKiCi - ^1 



Re(/2 



(59) 



where the gauge kinetic function / at the quiver locus is given by the dilaton S plus a 
shift proportional to the product of the local Kahler moduli and their U{1) charges (i.e. 
fi = S + qiT^ and f2 = S + q2G), while the two Fayet-Iliopoulos (FI) terms and ,^2 are 
given by 
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(60) 
(61) 



If all the matter fields acquire vanishing VEVs from F-term contributions involving the 
soft scalar masses (i.e. terms of the form m^C*(7*), the D-term potential (l59l) admits a 
supersymmetric minimum at .^i = .^2 = 0, corresponding to the singular limit r+ = 6 = 0. 
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Notice that the VEV of the visible sector fields has to be zero at the string scale (the Higgs 
and other additional matter fields might, as usual, develop a non-zero VEV at lower scales 
due to radiative corrections) not just to avoid the presence of charge or colour breaking 
minima, but also to make sure that the D3-branes remain at the singularity. In fact, if some 
matter fields could get appropriate non-zero VEVs so to break the trinification gauge group 
SU{3)^ to U{3), the fractional D3-branes would recombine into a stack of three ordinary 
mobile D3-branes which can move away from the singularity. 

Regarding the axionic partners of r+ and b, i.e. the C4 axion c+ and the C2 axion c, 
they get eaten up by the two anomalous U{1) symmetries which therefore get masses of the 
order the string scale and disappear from the EFT. 

We stress that we can focus at leading order on the D-terms neglecting the F-terms 
since the D-term potential scales as Vd ^ O (Mf) whereas the F-term potential behaves as 
Vp < (9 (uiy^Mp] due to the no-scale structure. Hence their ratio scales as 



small values in order to obtain a trustable vacuum within the regime of validity of the EFT, 
and so i? ^ 1. On the other hand, in the case of the LVS, Wq is of order unity, but the 
relation fl62|) has really to be understood just as an upper bound on the ratio between Vp 
and Vd since, as we will describe in section l4l3l the F-term potential scales asVp^O (V~'^) 
implying that R ~ ^ 1 for exponentially large values of V. 

4.2.2 Shrinking from the geometric perspective 

The shrinking of the dPo divisor induced by the D-terms can also be understood from the 
geometric point of view. Contrary to the singular case where fractional D3-branes can be 
understood as mutually supersymmetric fiuxed D7- and anti-D7-branes wrapped on the 
collapsing divisor, the stable geometric picture involves only D7-branes with gauge fiux J-" 
that has to satisfy the D-fiatness condition J A J-" = 0. This is equivalent to setting the 
corresponding Fl-term to zero since ^ = j]^ J /\ F with D^s the divisor wrapped by the 
visible sector D7-branes. However, as pointed out in [22j, if D^^ is a diagonal del Pezzo as 
in our case, the D-terms force its shrinking to zero size, in a regime which is not geometrical 
anymore. Let us discuss this shrinking in more detail. 

In the four-dimensional EFT in the large volume regime, the and G moduli have a 




(62) 



since Mg ~ Mp/\/V while 7713/2 ~ WqMp/V. In the KKLT case, Wq is fine tuned to very 
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different definition which involves now a mixing term of the form 



S f k 

G = c + iSb and r+ = r+ + — kb"^ + i ic+ — — cb 



where k can be determined from (151) to be 



k 



D: A D_ A D_ = A;444 + ^777 . 



(63) 



(64) 
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Notice that only T+ mixes with G since there is no intersection between and the geo- 
metric four-cycles Th and F^. For all our considerations, we can set the dilaton at its VEV 
5* = (S) = for e"^"^^ = gj^ and (Co) = 0. Thus the two expressions (163]) simplify to 



G = c + i — and T+ = | r+ + 77— b^] + i (c^ — —cb 



(65) 



9s V '29s 

The relevant part of the tree-level Kahler potential involving the Kahler moduli is given by 

= -2 In V with V = - hMt^ . (66) 

6 

In order to write as a function of Ts,Th,T^ and G, we have first to invert the relation 
between the t's and the r's so to be able to write V as a function of the r's. Subsequently 
we have to invert the relation (l65l) to write r+ in terms of T+ and G. In our case we obtain 



(with a = ^2/243) 
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If we wrap a stack of D7-branes around the dPo divisor 1^4 and turn on a gauge flux 
F = f'D^ = f+D+ + f-D- with /+ = /_ = //2, we generate an Fl-term of the form 
(expanding the Kahler form and the B field as J = t+-D+ and B = bDJ) 
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The previous expression can be rewritten in a way more similar to (1601) and (ET 
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where q+ = k++^f+ + k^ /_ = k (/+ + /_) is the f/(l) charge of T+ and qc = I is the 

U{1) charge of G while the two derivatives read 
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Notice that T+ gets charged only if a gauge flux is turned on whereas G gets automatically 
charged once a stack of D7-branes is wrapped around the dPo divisor. Thus if F = 0, the 
C2 axion c gets eaten up by the diagonal U{1) via the so-called 'geometric' Stiickelberg 
mechanism. Due to supersymmetry, also the partner of c, i.e. the field 6, has to get a large 
mass of the order the string scale, implying that this is the modulus fixed by imposing 
= 0. Hence the Fl-term (IB7|) vanishes for 6 = without inducing the shrinking of the dPo 
divisor. 

However the situation changes as soon as we turn on a gauge flux F 7^ 0. As can be seen 
from ( !67|) . the solution to ^ = is now = since a combination of both c and 0+ has 
to be eaten up, implying that the corresponding modulus fixed by the D-terms has also to 
be a combination of T+ and G like r+ = Re (T+) — kh\m [G) /2. Moreover, the expression 
(/+ + — b) is always different from zero if /+ is an integer (or / is even) given that the 
component of B along even cycles can only take half-integer values. We have therefore 
shown that, whenever a gauge flux is turned on, the dPg divisor collapses to the singular 
regime. 

4.3 F-term stabilisation 

As we have described in the previous sections, the leading order D-term potential fixes b = 
and the dPg divisor at the singularity, while the soft masses induce vanishing VEVs for the 
chiral fields. It remains therefore to study the F-term potential for the two bulk moduli 
and Tg. Here we can have two different situations depending on the choice of the 5-field: 

1. If i? is chosen such that to cancel the Freed- Witten flux on both divisors Ff, and F^, 
i.e. J-fe = J-'s = 0, we can have two subcases: 

(a) If the 11 adjoints on Ff, are fixed by turning on a trivial flux, also non-perturbative 
effects in Th get generated since this cycle supports a pure A/" = 1 SU{4:) the- 
ory that undergoes gaugino condensation. This case can give rise to AdS LVS 
vacua [15] and in principle also to standard AdS KKLT vacua which can be 
uplifted to dS solutions via a' corrections [H31IS1]- 

(b) If no trivial flux is turned on, the adjoints are unfixed, and so the T^-dependent 
non-perturbative effects are absent. Hence this case can give rise just to AdS LVS 
minima. In order to uplift these vacua to dS space one would need additional 
contributions in the model, such as anti-branes at the tip of warped throats [H] 
or new non-perturbative effects at hidden sector on different quiver singular- 
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ities [65]. In this last case we would need to consider at least an additional 
Kahler modulus. 

2. If B is chosen such that it only cancels the Freed- Witten flux on Tg (the dPg divisor 
in the geometric regime), i.e. J-'^ = but 7^ 0, no non-perturbative effect in 
can be generated, and so no KKLT minimum can exist. The only vacua which exist 
are LVS minima which can now correspond to dS solution since the non-vanishing 
flux on Tf, will induce a non-zero U{1) charge for the large modulus T^, and so a 
moduli-dependent Fl-term. This semi-positive definite D-term contribution is crucial 
to realise LVS dS vacua |65) . 

We shall now focus on the most promising case where J^h ^ and show explicitly the 
presence of dS LVS vacua. 

4.3.1 De Sitter LVS vacua 

If Tf, supports a non-vanishing flux, the large cycle Th has to be fixed perturbatively as in 
the LVS scenario by using the leading order a' correction. On the other hand, the dPg 
divisor is fixed due to the gaugino condensation. 

After fixing the axion of the small modulus Tg, the leading order F-term potential for 
the bulk moduli reads 



where we have approximated V ~ ar^^ . In the limit ttTs/S ^ 1, this potential admits 
an AdS global minimum which breaks supersymmetry spontaneously and is located at 
exponentially large volume: 



Given that in this case we are not choosing the 5-field such that to cancel the FW flux on 
the large four-cycle, we would generate chiral hidden sector matter and an Fl-term which 
can be used as an up-lifting term to obtain a dS vacuum. In fact, being a hidden sector, the 
matter fields can get non-zero VEVs without breaking any symmetry of the visible sector. 
Then the Fl-term can be cancelled at leading order (without shrinking the cycle) and what 
is left over can give the uplifting [66|[67]. The tuning to achieve a slightly dS solution is 
performed on Wq and g^. Let us see this issue more in detail. 
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In the presence of a FW flux on the large four-cycle = ^D^, the D-term potential 
takes the form 
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(72) 



where the diagonal Kahler metric for the matter fields living on the large cycle (pj scales 
with the volume as K ^ Y2j l^iP^fe"^ EH] while the f/(l) charge of the modulus Th is 
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(73) 



Therefore, considering canonically normalised matter fields (pc-j and the corresponding F- 
term contributions, the total potential becomes 

V„ = V„ + V, (e - + E ^ \t'»? + ^HT). (74) 

where pi = Txa^^^ and •p2 = "iqbbOt^^^ / (47r) and Vf{T) is the potential (iTOl) for the Kahler 
moduli. 

If some matter fields have a positive f/(l)-charge ^bj, the Fl-term can be cancelled at 
leading order by giving a non-zero VEV to these fields, so that the D-term potential becomes 
subdominant with respect to the F-term potential for the matter fields which can provide 
an interesting source for uplifting to dS vacua. In fact, focusing just on a single matter field 
0c with > 0, the minimisation gives 
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Substituting this VEV in fITil) . we are left with the potential (170|) plus an uplifting term 
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Let us now show that this new term can indeed give rise to Minkowski vacua and in turn 
to slightly dS minima. We can start by minimising (1761) with respect to r^, obtaining (for 
ttsTs > 1) 



3^^% W( 







which substituted back in fl76l) yields 
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Solving the minimisation equation dV/dV = 0, we find 
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(79) 



so that the vacuum energy takes the form 
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(80) 



For a given value of g?, which fixes the value of the parameter p, and a desired value of 
V which gives rise to TeV-scale supersymmetry, the two equations (179|) and (y) = from 
(180 p give the values of the underlying parameters Qg and Wq which can be tuned by varying 
the background fluxes. In the next section we will study how supersymmetry is broken by 
non-vanishing F-terms of the bulk moduli and we will find that the preferred value of the 
overall volume is V ~ 10^~^. For gf, = 2, C ~ 0.522, = 7r/3 and V = 4 ■ 10^, we obtain a 
Minkowski vacuum for natural values Wq ~ 0.2 and Qg ~ 0.03 (see Figure [3]). 
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Figure 3: Minkowski vacuum at V = 4 ■ 10^ for natural values of the underlying parameters 
Wo ^ 0.2 and ~ 0.03. 



Larger values of V cannot be obtained without tuning. As indicative benchmark points, 
we mention V = 4-10^ that requires Wq ~ 5-10~^^ and Qs — 0.006, and V ^ 10^^ which needs 
minuscule Wq ~ 10^^°^ and Qs ^ 5 ■ 10"^. This huge fine-tuning implies that for values of 
the volume V > 10^ such a the D-term uplifting cannot be achieved in a controlled fashion. 
A way-out could involve the presence of a magnetic flux localised in a highly warped region. 
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so that the parameter p would receive an extra suppression from a warp factor. This would 
be possible only if ksbb 7^ [SS] but this condition is not satisfied in our case. However, 
as we shall show in the next section, we only need smaller values of V to obtain TeV-scale 
supersymmetry. 

We finally mention that the gauge flux on the large four-cycle generates a coupling 
between the axion of and the hyperweak Abelian gauge boson 7' living on this divisor. 
This coupling gives a Stiickelberg mass to this U{1) of the order my ~ "^3/2 ~ 10^ GeV. 
Moreover this light hidden photon acquires a small kinetic mixing with the ordinary photon 
X — 0.5 ■ 10~^/y^ ^ 10~^ with very interesting phenomenological implications [691170] . 

4.3.2 Supersymmetry breaking and moduli spectroscopy 

Soft-masses in the LVS have been under continuous investigation and have lead to various 
phenomenological scenarios [T8 | [2T | [711 - 177] . Given that the superpotential does not depend 
on T^_, the corresponding F-term vanishes since (Re(T+)) = 0: 

= 2e^/2Re(r+) {r,dsW - Wo) = 0, 

where K^+^ = 2r,Re(T+) and K^+'^diK = -2Re(T+). Similarly = 0. Therefore there is 
no local supersymmetry breaking. This can also be seen from the fact that the F-terms of 
the local moduli are proportional to the corresponding Fl-terms. Thus supersymmetry is 
broken far away in the bulk by F'^'' ~ O (V~^/^) and F^ ~ O (V~^) resulting in suppressed 
soft terms with respect to the gravitino mass [21] which is given by 



"^3/2 = \ ^—^ ~ 5 ■ 10 GeV. (81) 

V 47r V 

The gaugino masses are found to scale as 

Ml/2 ^ ~ C (1 - 10) TeV . (82) 

Depending on the sub-leading and unknown structure in the Kahler matter metric, the 
scalar masses can be as small as the gaugino masses or as large as 

mo ~ ^ ~ O (10^-^) GeV. (83) 
VV 

As far as the moduli mass spectrum is concerned, the two local moduli r+ and b fixed by the 
D-terms, get a mass of the order the string scale whereas the two moduli in the geometric 
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regime, r^, and r^, turn out to be lighter: 



m.. ~ mo ~ ~ O (10^^^) GeV, m,^ ~ mg/a In V ~ C (10^°-^^) GeV. (84) 



V 

The sequestering of the visible sector is very appealing to get TeV-scale SUSY avoiding 
any possible cosmological moduli problem and raising M<. to the GUT scale since Mg ~ 
M^I\/\^ ~ (9(10^^) GeV. However there are two situations where can be non-zero, 
and so soft terms can arise at C(m3/2): 

1. In the presence of a resolution of the dPo singularity which takes place if some of the 
matter fields get a non-zero VEV of the order the string scale cancelling the FI term. 
However we have seen that this is not possible in the dPg case since these VEVs will 
arise at a scale M <^ Mg through RG-evolution as described in Section 13.41 As in 
a comparable set-up described in [78], the D- flatness relation hence implies that the 
blow-up mode r+ would still be in the singular regime r+ ^ 1: 

^ V Ml \Mp) ^ ^ \Mp) \mJ 

2. If the local blow-up mode T+ gets redefined due to one-loop corrections to the gauge 
kinetic function. However this redefinition does not seem to take place for orbifold 
singularities with only D3-branes as in our case (it occurs instead for orientifold 
singularities and orbifold singularities with D3- and D7-branes) [79|[80]. 

4.3.3 The KKLT scenario 

Let us briefly comment on the possibility to get KKLT vacua when the 5-field is chosen such 
that to cancel the FW flux on the large cycle and the extra adjoint fields are fixed via a trivial 
flux. In this way we would also generate non-perturbative effects in which combined 
with gaugino condensation on Tg are expected to give rise to a typical supersymmetric AdS 
KKLT minimum at smaller values of the volume if Wq is tuned exponentially small |14) . 
The inclusion of a' corrections might then allow an uplifting of this minimum to dS space 
by increasing the value of Wq [S31E1]- 

However this situation seems very hard to achieve in our model since, neglecting the a' 
corrections, the solution of the two F-flatness conditions DgW = and DbW = implies 

abU - ttsTs = In ( ) + ^ In ( — ) . (85) 



For natural values of the prefactors Ab ^ As ^ C^(l) the expression on the right hand side 
of f l85|) is of order unity whereas we require both abTb ^ 1 and agT^ ^ 1 in order to be able 



36 



to neglect higher order non-perturbative effects. Hence (185|) can very well be approximated 
as 

abU - asTs ■ (86) 

If we want to have a positive volume, V = a (^t^^^ — -\/3Ts^^j > 0, Tt, has to be larger 
than Ts implying from (|86l) that we need to impose ab < a^. In general, this condition is 
satisfied by an appropriate choice of ab and but in our case tadpole cancellation and 
the requirement of fixing the extra adjoint zero modes, fixes a;, = 7r/2 > = vr/S. Hence 
this crucial condition is not satisfied. A way out could be to perform a tuning on the ratio 
Ab/Ag on the right hand side of fl85|) . but due to the presence of a logarithm this tuning is 
huge. As illustrative numerical examples, we mention that in order to obtain V ^ 100 for 
Ts — 10 and Tb — 110, the tuning is of the order Ab/As ^ 10~^^ and Wq ~ 10~^^. If we want 
to push the volume to larger values, V ^ 200 for Tg — 10 and Tb — 170, the tuning increases 
considerably to Ab/Ag ~ 10^^^^ and Wq ~ 10"^^^. Hence we do not consider these vacua 
particularly interesting and conclude that in this model LVS minima seem to arise more 
naturally than KKLT vacua. 

5 Higher dP^ singularities without flavour branes 

Even though dPo provides interesting phenomenological models, such as the trinification 
model just discussed, the fact that all gauge groups are identical is very restrictive and 
may be desirable to have more general models without flavour D7-branes. Turning to the 
phenomenology with D-branes at higher dP„ singularities with n > 0, there is a large 
class of quiver gauge theories arising that allow for phenomenologically interesting models 
without flavour branes which we now would like to discuss. Within local model building it 
is very convenient to introduce flavour branes which allow for very interesting anomaly-free 
gauge theories serving as candidates for theories beyond the SM (e.g. [9]). However there 
are at least three potential constraints for these types of models: 

1. The models are not truly local and there is a challenge of decoupling of the dynamics 
on the flavour brane, i.e. generating sufficiently large masses for these states. 

2. The field redefinitions found in [75 | [76 | [79 ] changes substantially the scales of the soft 
supersymmetry breaking terms as compared to the case with only D3-branes. 

3. The embedding of a large flavour structure into compact models with moduli stabili- 
sation is non-trivial. 
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With this in mind we would hke to highhght that it is nevertheless possible to con- 
struct models based on D3-branes at singularities and no flavour D7s with un-equal ranks, 
i.e. gauge theories with ranks not just equal to SU{n)'', and discuss how to obtain such 
theories systematically. 

Classifying models without flavour branes 

There is a whole un-explored class of phenomenologically interesting models without flavour 
branes at higher del Pezzo singularities (i.e. n > 0). Here we would like to outline a strategy 
on how to explore this class of models, starting with the toric del Pezzo surfaces. In 
particular we are interested in generating anomaly free gauge theories with unequal ranks, 
i.e. gauge theories with ranks not just equal to SU{n)^. 

For example in the context of dPi we flnd an interesting combination based on SU{3)c x 
SU{2)l X 5f/(4) X U{1) (or more generally SU{n + k) x SU{n + 2k) x SU{n + 3k) x SU{n)) 
with quivers shown in Figure H] with three families of left handed quarks. This anomaly- 
free combination arises from the general anomaly cancellation conditions (without flavour 
branes) 

= 2n2 — — = —2ni + 877,3 — 714 (87) 

= rii — 3n2 + 2n4 = rii + n2 — 2n^ 

as follows. Once one rank is flxed (e.g. Ui = n) and we write n2 = n + k, = n + j, and 
Hi = n + I one can easily verify that the above conditions are satisfled for 

k = 2j and I = 3j . (88) 

This is exactly the general solution we mentioned before in the case of dPi. In a similar 
fashion we can construct models with unequal ranks on dP2 and dPa as shown in Figure |5l 
Note that all of the above gauge theories with unequal ranks are no longer conformal |81| . 

These gauge theories are again obtained by flnding a basis of general solutions to the 
anomaly cancellation conditions. This procedure, applied here for the toric del Pezzo sur- 
faces, can be applied to all singularities with known quiver gauge theory. In particular 
it would be interesting to elaborate interesting gauge theories for the toric dual phases of 
these gauge theories. 

In general we expect that such models might lead to appealing models beyond the SM 
with an interesting flavour physics but a detailed study is required, including the breaking 
to the SM group. At this stage we leave a detailed analysis for future work. 
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Figure 4: Left: The general dPi quiver with unequal ranks, no flavour branes and anomaly cancellation. 
Right: A phenomenologically interesting case of the general quiver on the left with 71 = j = 1. 





Figure 5: Left: The general dP2 quiver with unequal ranks, no flavour branes and anomaly cancellation. 
Right: The quiver of dP^ with unequal ranks, no flavour branes and anomaly cancellation. 



Wijnholt-Verlinde dPg model 

Following the arguments above we can continue with models at higher del Pezzo surfaces 
without flavour D7-branes. For completeness we would like to briefly discuss the dPg 
model introduced by Wijnholt and Verlinde in [6jo Starting from an U{Q) x f/(3) x U{1)^ 
gauge group with matter content as shown for completeness in Figure [6] on the left, one 
can partially resolve the singularity supersymmetrically, corresponding to turning on Fl- 
parameters, that the gauge group is broken down to the U{3) x U{2) x U{iy as shown in 



^We refer the reader for more details on this model to the original paper [5]. 
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Figure[6]on the right. Here the Yukawa couphngs generally depend on the complex structure 




Figure 6: Left: The dPg quiver with an U{6) x C/(3) x U{1)^ gauge group. Right: The quiver after 
breaking to a SU{3) x SU{2) x C/(l)^ gauge group, containing all SM fields with three generations of 
Higgses. 

moduli and can again as discussed for dPo in section 13.41 be changed by non-commutative 
deformations. 

However in order to be a potentially realistic model to obtain the SM gauge groups all 
additional U{1) symmetries, apart from hypercharge, need to be massive at low energies. 
For this to happen upon compactification, the 2-cycle associated to a given f/(l) has to be 
non-trivial in CY three-fold as described in [25]. In this particular model five two-cycles of 
the dPg singularity need to be non-trivial within the CY. This leads overall to CY manifolds 
with h^'^ > 9. The cycle associated to hypercharge needs to be massless. Since our models 
are restricted to h^'^ = 4, 5 we cannot find a realisation of the Wijnholt-Verlinde model in 
this class of models, despite featuring various examples with two dPg singularities such as 
the model discussed in Appendix |X1 However we do not see an obstacle that for manifolds 
with large enough h^'^ this could be realised explicitly following the formalism developed 
in the previous sections. 

6 Conclusions and open questions 

We have succeeded to make a first approach towards a CY orientifold compactification with 
a global embedding of D-brane models at singularities in combination with the stabilisation 
of all moduli and obeying all global consistency conditions. We consider this a substantial 
progress in the right direction converting the 'local' branes at singularities models into 
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fully-fledged string compactifications. 

We concentrated in this article to the simplest cases, namely D3-branes hosting the 
visible sector with no flavour D7-branes and a small hidden sector. Besides simplicity, 
this is an interesting class of models since they are truly local, in the sense that there 
are no particles charged under the visible sector gauge group outside the singularity and 
interactions of the SM states with the other sectors in the CY are highly suppressed. This 
has important implications for supersymmetry breaking in the observable sector. It was 
shown in [21] that for models at singularities the soft breaking terms can be suppressed as 
much as 1 /V with respect to the gravitino mass. 

Sequestered soft terms allow to address important phenomenological and cosmological 
issues: the unification scale can be as large as the GUT scale (corresponding to an overall 
volume of the order V ~ 10^"'') keeping soft terms in the TeV region, while the cosmological 
moduli problem is solved since the moduli are much heavier than the TeV-scale. In partic- 
ular, the most dangerous modulus, corresponding to the overall volume, has a suppressed 
mass of order m3/2/V^/^ compared to the gravitino mass but is still hierarchically heavier 
than the TeV soft terms. This also ameliorates the Kallosh-Linde problem regarding the 
relative size of H and 7723/2 in string models with stabilised moduli [82|[83]. In |75[[76] it 
was shown that a one-loop field redefinition is needed in order to have a proper supergrav- 
ity chiral superfield for the 'small' Kahler moduli. This redefinition brings back the soft 
breaking terms to be very close to the gravitino mass. However, this field redefinition is ab- 
sent for precisely the models with only D3-branes at singularities and no flavour D7-branes 
stretching in the bulk [72]. This differentiates these models from other local models that 
include also flavour D7-branes on important physical observables. 

From the general class of CY manifolds obtained from toric ambient spaces, we have 
identified those that allow to embed the SM in fractional D3-branes at del Pezzo singular- 
ities. We have found many examples with 3 < h^'^ < 6 with a pair of identical del Pezzo 
singularities mapped into each other by the orientifold involution and having extra rigid 
cycles in the geometric regime that give rise to non-perturbative effects either from gaug- 
ino condensation on wrapped D7-branes or Euclidean D3-brane instantons. We illustrated 
this construction in particular models with the observable sector in dPg and dPg (this is 
presented in Appendix singularities for which all Kahler moduli were stabilised, giving 
examples of both KKLT and dS LVS scenarios. Furthermore, for dPo a quasi-realistic model 
based on the trinification group S'f/(3)^ was studied, outlining how breaking to the SM and 
other realistic features can be achieved. 

Despite this success there are several open questions that are worth summarising: 
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A more detailed analysis of the most promising models listed in appendix [B] deserves 
further study. In particular models that besides having del Pezzo singularities are 
also K3 fibrations. This is important in order to have moduli that can play a role for 
inflation and for having the potential for non-gaussianities |28 [ [29 | l3T]. 

Extension of our general classification to models with h^'^ > 6 will be desirable in 
order to have a more general class of models that can include several hidden sectors 
(including hidden sectors at singularities that have been shown recently to give rise 
to dS vacua jHS] ) and a larger number of candidates for infiatons or other cosmo- 
logical applications. The systematic search and explicit construction of the models is 
technically much more challenging and will be left for future research if needed. 

Identifying a fully realistic model that achieves the potential of local models including 
gauge unification, proton stability, realistic mixings in the quark and lepton sectors 
as discussed from the local perspective in [8l|9]. Such a model also needs to include a 
dynamical stabilisation of all breaking, respectively flavour, scales within the compact 
set-up. A first step towards identifying the dynamical breaking scale has been achieved 
here by outlining how to break to the SM dynamically using the renormalisation group 
of the soft-masses. In addition, a more concrete scenario of supersymmetry breaking 
with full control of the structure of soft breaking terms, including flavour issues is still 
pending [73l[77]. Models with only D3-branes at dP„ with n > 0, as those described 
in section [5l can provide a richer spectrum and breaking patterns than the simplest 
trinification-like models studied here. 

Including flavour D7-branes is needed in order to have a complete description of this 
class of models. General consistency constraints may require embedding the models 
in F-theory as it was done in We leave this important challenge for a future 

project. 

Models with flavour D7-branes would allow many more realistic options and could 
potentially include some promising local models such as the dPa case studied in [9]. 
The absence of examples, for instance with dP^ singularities, in the class of CY 
manifolds analysed is not seen as an obstacle and these models are expected to appear 
for CY manifolds with h^^ > 6 but it might also require additional model building 
to obtain phenomenologically interesting models by higgsing from higher to lower 
del Pezzo singularities. 
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Let us finish with the following general statements. Even though it is often stated that we 
may not yet know enough about string theory in order to approach detailed phenomeno- 
logical questions, the continuous progress in this area indicates that this statement may be 
too conservative. Considering the low energy spectrum of type IIB string theory, we have 
seen that over the years a complete use of each of the fields has been found and each time 
giving rise to more realistic features. First the background metric qmn provides the basic 
set-up for a chiral M = 1 four-dimensional theory after CY orientifold compactification. 
The NS and RR antisymmetric tensors allow for flux compactifications that give rise to 
moduli stabilisation and the discretuum of vacua. Also, these antisymmetric tensors couple 
naturally to extended objects, the D-branes. Since they can hold chiral matter, this opened 
the possibility to have the visible sector inside the D-branes. 

Furthermore, within the implicit weak coupling assumption in these constructions, a' 
and string perturbative effects have been included and shown to play a role, also standard 
and stringy non-perturbative effects have been studied in detail and are computable, giving 
rise not only to Kahler moduli stabilisation but also to corrections of SM couplings. More- 
over, local continuous and discrete symmetries are under control, including their breaking 
and potential role for providing the gauge symmetries and approximate global symmetries 
in the SM. Phenomenological issues have been possible to be approached. Not only the 
spectrum of the models, but also hierarchy of Yukawa couplings, mixings in the quark and 
lepton sectors, etc. 

This continuous progress give further encouragement for continuing efforts towards mod- 
els closer and closer to the SM within a full ultraviolet completion. The fact that many 
ingredients are used towards a realistic model may look too baroque for an outsider. On the 
other hand, the simplest versions with zero fluxes, no D-branes, etc. are very non-generic. 
The apparent baroqueness of the models is actually a positive feature in the sense that, as in 
any effective physical model, everything that can be included should be included unless there 
is a reason of symmetry or otherwise that protects the corresponding quantity to vanish. 
Not turning-on fluxes and branes and ignoring perturbative and non-perturbative effects is 
not an option. Ongoing experimental results from the LHC and cosmological observations 
regarding density perturbations of the CMB will hopefully provide further guidelines to 
identify fully realistic string models beyond the SM. We hope that the structure of the 
models presented here and the formalism used to construct compact local models at sin- 
gularities is a step in this direction. We plan to come back to some of the open questions 
mentioned above in the near future. 
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A Global embedding of the dPg quiver gauge theory 

In this section we describe a global embedding of a quiver model sitting at a dPg singularity 
in a type IIB orientifold compactification. This is realised by considering a CY three- 
fold with two dPg singularities. As for the dPo model, this three-fold has a holomorphic 
involution that exchanges the two singularities (or that exchanges the two dPg divisors in 
the resolved picture). The fixed locus of the involution does not include the two singular 
points, as the resolved dPg's do not intersect the orientifold plane. Putting D3-branes on 
top of one of the two singularities, we get (in the quotient space) a quiver gauge theory at 
the dPg singularity known from local model building. 

The D7-charge of the 07-plane is cancelled by putting four D7-branes (plus their orien- 
tifold images) on top of the 07-plane. These D7-branes will not intersect the quiver locus 
and will provide a suitable hidden sector. 

A.l Geometric set-up 

In this section we will study moduli stabilisation for an embedding of a dPg quiver gauge 
theory in a compact CY threefold. The CY that we take has already been presented in [HI] 
in the context of global embedding of quiver gauge theories. We will shortly review the 
model here and we refer to [H] for the details. In the table of appendix IB. II it is listed 
under number 21. 

This CY X has Hodge numbers h^'^ = 4 and /i^'^ = 214. It is an hypersurface in the 
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ambient space with the following weighti 
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(89) 



and Stanley-Reisner ideal 

SR = {T^i W^3, W4, TVs W^5, W4 TVs, W^i ^ Y, Wi X Y, W4 Z, W^Z.XY Z}. 

(90) 

A basis of H^'^{X) is given bj|^ 
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Ti = SZ^w-s + ^Dw, + Dz T2 = Dw, T3 -- 
The intersection form in this basis is diagonal: 

h = 9tl + + + 9tl . 



D 



W5 



D 



z ■ 



(91) 



(92) 



This CY threefold has one dPo at Z = and two c/Pg's at W4 = and W5 = 0. The two 
(iPg's are exchanged by the following involution |84] : 



W2 O W3 and W4, O W5 



(93) 



The corresponding fixed locus is given by a ( complex- )co dimension one object at W3W4 — 
W2W5 = and by four isolated fixed points (one at the intersection + = Wi = 

Z = and three at the intersection W3W4^+W2W^ = Wi = F = (M]). So by implementing 
this orientifold involution, one obtains one 07-plane in the class [Dqi] = [Dw-^ + [Dw^ and 
four 03-planes. 

Expanding the Kahler form on the basis ( 19T]) . J = tjFj, one has the following volumes 
of the three del Pezzo divisors 



VoliDz) = Itl , 



and the volume of the CY three-fold is: 



2 "2 ' 



Vol(D^J = \tl , 



Vo\{X) = -{9tl + tl + tl + 9tl). 



(94) 



(95) 



^^We use the same conventions as [S^ in order to make easier for the reader to search in the original 
paper for details. We give the weight matrix in an equivalent form. 

^''This is not an integral basis: for example Dwi = hi^i ^ 31^2 — ST^ — 1^4). 
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The Kahler cone of the ambient space is: 

t2<0 ts < ti+t2 + U>0 ti+ts + U>0 U<0. (96) 

This space is a priori only a subspace of the Kahler cone of the CY. On the other hand, in 
this case, the point we want to consider, i.e. a CY with two dPg singularities, is included in 
this subspace. The orientifold invariant Kahler form is given by taking t2 = ts. Moreover, 
from the volumes of the divisors we see that the limit we want to consider is ^2 = ^3 — ^ 0. 
In this case, the Kahler cone reduces to 

ti + 14 > and -t4>0. (97) 

A. 2 Brane set-up and consistency conditions 

The set of branes that we consider is: 

• On the two singularities we put N^^ D3-branes. This can lead to the quiver gauge 
theory of Wijnholt and Verlinde [6] or other quiver gauge theories obtained as outlined 
in Section [5l 

• To cancel the D7-brane of the 07-plane, we consider four D7-branes (plus their im- 
ages) on top of the 07-plane. This D7-brane stack does not intersect the two dPg 
singularities. 

• We will have an E3-instanton wrapping the rigid and invariant (IPq cycle at Z = 0. 

Let us consider the E3-instanton first. It wraps a non-spin cycle, so a non-zero gauge 
flux is needed to cancel the Freed- Witten anomaly. This flux would render the instanton 
conflguration non-invariant and must then be cancelled by a proper choice of the 5— fleld, 
i.e. B = biTi + \Dz where bi E Q are chosen such that ^2- biTi is an integral two-form 
and such that J^e3 = Ocl 

With this choice of i?— fleld, we are not able to cancel the Freed- Witten gauge flux on 
the 5*0(8) D7-brane stack wrapping the divisor [Dor] = |(ri — 1^4) (note that Dqj is an 
integral cycle; the factor 1/3 comes from that fact that we have not chosen an integral basis 
for H'^{X)). The gauge flux on this stack is given by 

Tnr = (F^T'^^' + i/^or) - 5 

= (/i - 61 + |)fi + (/2 - 62)f 2 + (/3 - h)h + (/4 -b,- |)f4 , (98) 

^^This i?— field makes the option to have a Whitney brane wrapping a cycle in the class 8[07] be not 
available. In fact, with such a field the flux J-'w on the Whitney brane would make it split into one 
brane and its image (see [5A\). 
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where F^^!^^^^'^ is an integral two-form. No choice of F^^'^^'^^ can make = 0. We have 
chosen it such that it is equal for all the four D7-branes in the stack. This makes the 5*0(8) 
gauge group to be broken to U{1) x SU{4), where the U{1) gauge boson will get a mass by 
a Stiickelberg mechanism. 

The flux generates chiral modes at the intersection with the E3-instanton wrapping 
De3 = Dz- Their number is given by 



ID7-E3 



= 2 - 3/4 + 364 . (99) 

Do7r\DE3 



We will choose 64 = /4 — |, such that we have Idt-ez = 0. n Then there are no further 
instanton zero modes and the instanton contribution to the superpotential is generated. 

The flux will induce also chiral modes on the bulk of the D7-brane stack. In particular 
there will be the following number of chiral states in the antisymmetric representation of 
the unbroken U (4) gauge group: 

^antisym = f JJ^^ ^ ^ 2Td7 = Vl " 26i + i , (lOO) 

Jx 

where we used = — |. These chiral fields are charged under the diagonal U{1) factor 
of the U{A) gauge group and will enter in its D-term together with the Kahler moduli 
dependent and flux generated Fl-term 

em = y / A J = 2y(l - 661 + 6/i)ti . (101) 

JDo7 

Note that when the CY has finite volume, this Fl-term is always different from zero (there 
is no value of /i that makes both (1 — 661 + 6/1) = and /r^t'^g^^' i^g integral. 

Finally, let us compute the D3-charge of the chosen configuration. The D3-charge of 
the quiver locus is 2 x Nd3- Each of the four 03-plane contributes as —1/4. Together with 
the D3-charge of the 07-plane and the fluxed D7-brane stack we have 

+ QdI + Qm = -2iVD3 - 19 - 1(1 - 661 + 6f,r . (102) 

Note that in this case we have a negative contribution coming from the flux. This is due 
to the fact that its Fl-term is not cancelled and then J-^jy is not forced to be anti-selfdual. 



^^One can check that with this choice of 64, is integral once we impose that p^^^^sj^ai integral 
two-form. 
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A. 3 Kahler moduli stabilisation 

The model we have just described has just one 07-plane, on top of which we wrap four 
D7-branes (plus their images). Furthermore we have a rigid dPo cycle that is transversally 
invariant under the orientifold involution. Hence we shall wrap an E3 instanton on this 
rigid divisor. Both the 07 and the E3 do not intersect the two dPg's, and so they are 
completely decoupled from them. However, the 07-plane intersects the E3. We can cancel 
the FW flux on the E3, but the flux on the D7 on top of the 07 cannot be cancelled. 
This implies that there is an Fl-term on this stack. For a generic flux on the D7, we have 
also chiral intersections with the E3. We can however cancel these chiral modes with an 
appropriate flux choice. Once we perform this choice, the resulting Fl-term cannot be set to 
zero without shrinking the whole Calabi-Yau. Nonetheless we have also some modes coming 
from the bulk of the D7 which are charged under the corresponding U{1) (these modes are 
in the anti-symmetric representation of SU{4) — the flux breaks SO (8) to SU{4) x U{1)). 
These modes enter into the D-terms and they can get a non-zero VEV partially cancelling 
the Fl-term. What is left over can again give rise to an uplifting term similarly to the dPo 
case studied in the main text. Thus in this model the E3-instanton and the a' corrections 
fix the volume and the size of the dPo supporting the non-perturbative effects, while the 
two dPg's are fixed in the singular regime by using the corresponding D-terms. 

B List of varieties with global embeddings of quiver gauge 
theories 

In this appendix we give a list of the models that fulfil the criteria of section 12.11 As we 
mentioned already in the introduction, our search was performed in a subclass of all CY 
threefolds, namely those related to reflexive lattice polytopes, which is motivated as follows. 
Firstly, we know the Hodge data of the CY hypersurfaces coming from such polytopes |85] 
and that these CYs are smooth. In addition, this class is already quite large [27] and one 
assumes that the properties of these CY manifolds represent those of all CY manifolds. The 
technically most important reason is that we can access a lot of CY data via toric methods 
which one can easily put on a computer. 

The toric varieties in which the CY hypersurfaces are embedded are described by fans. 
These fans are in one-to-one relation to the coherent star triangulations of the four dimen- 
sional reflexive lattice polytopes. Since, there is usually more than just one triangulation 
for such a polytope, we may obtain several toric varieties per polytope. Note however that 
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not all triangulations lead to different CYs, since there may exist ffop-transitions of the 
ambient spaces which do not effect the hypersurface. Since, we did not care about this 
issue in our scan, only in the examples we presented in the main text, we present here the 
list of polytopes for which one or several triangulations meets our constraints. 

The calculations were done by means of PALP [17] with the mori.x extension |^H9] 
and the toric variety package of Sage [SU]. In our analysis we checked whether the CY has 
for a given triangulation two toric del Pezzo divisors of the same kind which are related by 
a Z2-symmetry of the lattice polytope. As explained in |49) . mori.x only tests necessary 
conditions for the divisor to be del Pezzo. Further, we do not check whether the involution 
of the polytope leads to an involution on the CY itself, i.e. whether the intersection ring on 
the CY is invariant under it. However, for all the cases that we worked out in detail, the 
involution was also respected by the CY. An additional technical constraint is that we did 
not treat divisors which factorise on the hypersurface differently. Therefore, in this scan we 
miss examples like 9111330 3000111 and 16 1 1 2 4 8. 

Our findings can be summarised as follows: starting from 1197 and 4990 polytopes for 
h^'^ = 4 and h^'^ = 5, respectively, we find 80 and 346, respectively, with two equal del 
Pezzos and an involution which interchanges them. If we demand, in addition, that the 
two divisors do not intersect, the numbers go down to 68 and 305. Imposing the final 
constraint, of having an additional non-intersecting rigid divisor, we obtain 21 and 168 
polytopes, respectively. 

B.l Results for the four moduli case 

The following table lists all the polytopes that give rise to a CY with h^'^ = 4 and with at 
least one triangulation such that the hypersurface fulfils all the conditions of section 12.11 
The third column indicates the kind of del Pezzo surfaces we find. The fourth column gives 
the dimension of the anti-invariant classes which we obtain for the involutions that map the 
two del Pezzos into each other. If there is a check mark in the fifth column, then the CY 
admits a K3-fibration on the level of the polytope and the (would-be) fibre is a K3 surface. 
Note that like the case of the del Pezzo property test these are just necessary conditions. 
We did not analyse the SR-ideal of the CY to see whether the projection is well-defined. 
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6 


1 


64 


5 


6 


2 


1 





1 


1 1 








3 10 10 


10 





3 10 1 


10 


411001001 


6 


1 


64 


6 


6 


2 


1 





1 


1 


1 





3 110 





1 


3 10 10 


10 


310001100 


6 


1 


70 


7 


7 


2 


2 





1 


1 1 








3 110 


1 





4 1110 


10 


411001001 


6 


1 


73 


8 














4 


1 


110 1 


2 





1 1 /Z2: 


1111 





7 


1 


52 


9 


5 


1 


1 


1 





1 


1 





4 110 


1 


1 


5 1110 


10 1 


511010110 


7 


1 


52 


10 


8 


1 


1 


3 





1 


2 





2 1 





1 


4 10 10 


10 10 


401110010 


7 


1 


72 


11 


10 


5 


1 


1 





1 


2 





4 2 1 


10 





6 3 10 


110 


630100011 


7 


1 


82 


12 


8 


4 








1 


1 


1 


1 


6 3 10 


1 


1 


6 3 1 


110 


630011010 


7 


1 


94 


13 


8 


4 


1 


1 





1 





1 


4 2 1 


1 





4 2 


10 1 


631011000 


7 


1 


94 


14 


8 


1 


4 








1 1 


1 





4 12 





1 


4 2 1 


10 


402010100 


7 


1 


98 


15 


10 


5 


2 


1 





1 





1 


4 2 10 


1 





6 3 10 


10 1 


10 52011100 


7 


1 


98 


16 


10 


5 


2 





1 


1 1 








4 2 10 


1 





6 3 110 


10 


631001001 


7 


1 


110 


17 












12 


2 





2 4 10 3 


4 2 





0101 12 202 


3 4 1 


8 


1 


44 


18 


7 


3 


1 


1 





1 1 








2 10 





1 


2 1 


10 


831110200 


8 


1 


64 


19 














6 


1 


3 110 


4 2 


1 


1 /Z2: 


11 





8 


1 


70 


20 


8 


4 


1 


1 


1 


1 








4 2 10 


1 





6 3 1 


11 


841101001 


8 


1 


74 


21 












18 


6 


9 


1110 


12 4 € 


1 


0010 12 460 


10 1 


8 


1 


214 



B.2 Results for the five moduli case 

The following table lists all the polytopes that give rise to a CY with h^'^ = 5 and with at 
least one triangulation such that the hypersurface fulfils all the conditions of section 12.11 



# 


weights 


dP„ 






K3 


1 


6111120000 2100000100 


2010001000 


8131100020 8311100002 





2 


51 




2 


6121010100 2100000001 


2010000010 


6211001100 8131120000 





2 


55 




3 


8130112000 2100000001 


2010000010 


3101000100 3011001000 





2 


59 




4 


5111110000 B120101000 


6121100001 


6121010010 6120110100 





1 


75 


/ 


5 


6 13 10 


1 2000110 /Z2: 


10 10 





1 


77 




6 


411010010 3010 


11000 41100 


1001 631100100 





1 


77 




7 


910131300 2000 


10010 20000 


0101 301000011 





1 


77 


/ 


8 


6120110000 2001001000 


3011000001 


3010001010 6130010100 





1 


79 


/ 


9 


932211000 3110 


00001 31010 


0010 301100100 





1 


80 




10 


4110101000 5121010000 


5120100001 


5120001010 6130010100 





1 


83 





50 



11 

12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 



6120111000 5121010000 6130010100 7130110010 7130011001 
712211000 201000001 200100010 913301100 
10 2241100 11 2251001 11 2250110 
6110001012 2000010001 2000000110 6101001021 8120100013 

61101110 20010001 82001203 
7221001100 3110000010 4110000101 7220110001 9231010002 
6012110100 2010000001 2001000010 4110101000 4101110000 
6111011000 2010000001 2000010100 6110121000 6120011010 
6120101100 2100000001 2010000010 4111000100 6210011100 
6121001000 2100000010 2010000100 3110000001 5210110000 
9330111 6221001 /Z3: 120000 
6221001 6220110 /Z3: 120000 
933011100 210000001 201000010 622100100 
622100100 210000001 201000010 622011000 
933011100 200000011 622100100 840100102 
622100100 200000011 622011000 840100102 
14 3201107 61100013 14 3011027 
10 20110015 821000104 820101004 14 31100027 
14 32001017 611000103 820100014 820011004 
10 112001005 4010010002 4001100002 6011000013 10 121000105 
6111000110 3101001000 3011010000 4110100100 4110000011 
4100010101 2001000001 2000001100 3100010010 3010100010 
4110001010 2100000001 2001000100 2000011000 4100101100 
6210101100 2010000010 4111000100 4110001001 6120011100 
6110101100 2010000010 3011000100 3010001001 5020011100 
3100010001 3100001010 3010100001 3010001100 3001100010 
6110001101 3101001000 3000000111 4001101100 5100011110 
6021011100 3100100010 3100011000 3011000010 4010100011 
6110001011 3110000100 3001001010 3000101001 4100011100 
6111000011 3100100100 3100011000 4110010010 4110000101 
7210021100 3101000100 3100010010 4110010001 4101100001 
7020111200 2100000010 3101001000 3100010001 3010000110 
5110011010 2100000001 2001000100 2000101000 3011000010 
6011000111 2001001000 2000010001 3100100100 3000111000 
511010101 200000011 301011000 501110110 








1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 



87 
89 
95 
55 
33 
44 
55 
65 
67 
84 
101 
101 
101 
101 
101 
101 
73 
73 
73 
97 
53 
59 
63 
63 
69 
50 
52 
53 
55 
56 
56 
57 
57 
58 
59 



/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 



/ 
/ 

/ 
/ 



/ 
/ 
/ 



51 



46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 



6210011100 3101000100 3100101000 3100010010 4110000101 
6101010101 2000000011 3110000100 4101001100 4100110100 



6100101011 2001000001 3100000110 3010001010 3001010010 
6011110010 2010000100 2000100001 3101010000 4011101000 



6101001110 2100000001 3010001100 3000101010 6100012110 
6101100011 3100110000 4110100010 4101100100 4100101001 



6210011001 3101000001 3100101000 4100011010 6201011100 
6111000011 3100001010 3010010010 3001100010 6111000120 



72211010 62201100 72210101 



722101001 411100100 411000011 622011000 



721100210 410010110 621001200 721010201 
5100011110 2100000001 2010000010 2000100100 4101000110 



6201011100 3100010001 4110011000 4100010110 7200121100 
6201011100 2100000001 3110001000 3100000110 5200101100 



7300111100 2100000001 6210010100 5200011010 8301021100 
730011110 421000010 420000101 630100110 



6100101102 3100000011 3010000101 3001001001 3000110001 
611010102 310000011 300011001 601101012 



6111000110 3100001001 4110000101 4100111000 5110010011 



41011001 41010110 40200101 



820210012 410101010 410010101 402010010 
6111120000 2100000001 2010000100 4011011000 4010110010 



6110010110 2010000001 3000100101 4111000010 5011101010 
4101000011 2000011000 3100100010 3100001001 3010100100 



6010001111 2000010010 3100001001 3010100001 3001000101 
411000101 410101001 401110001 401101010 



830112001 411000110 421000001 410101010 
100321100 2000100001 4100110010 4011010010 4010110100 



4101100100 2010000001 2001000010 2000011000 4100101001 
6111001200 2001000001 3100010100 3010100100 4101010010 



6120001101 2001000100 3110000010 3010010001 4010110010 
6110101100 2010000010 3100000101 4111001000 4110110000 



4110000101 2010000010 2000110000 2000001001 3101000100 
4100011100 2100000001 2010000010 2001000100 2000101000 



6211000110 3110001000 3101010000 3100100100 7211000201 



6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 



59 
59 
59 
59 
59 
62 
62 
63 
65 
65 
65 
65 
67 
77 
79 
97 
59 
59 
44 
47 
47 
51 
53 
53 
53 
55 
55 
55 
55 
55 
55 
57 
57 
59 
59 



/ 

/ 
/ 

/ 

/ 

/ 
/ 



/ 
/ 



/ 

/ 

/ 
/ 
/ 

/ 



52 



81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 

101 

102 

103 

104 

105 

106 

107 

108 

109 

110 

111 

112 

113 

114 

115 



6100201110 2000110000 4100101001 4010101010 4001101100 
6210001101 2100000010 2001001000 4100011001 6200111100 



6100111010 2100000001 4110001010 4101010010 5200100110 
6101210100 2000101000 3100100010 3000100101 4011110000 



6011010120 2001000001 3100000110 3001001010 3000110010 
621101001 210000010 200000101 621011100 



6200111000 2100000010 2010000100 3101001000 3100010001 
6210101001 2100000010 2000000101 5210011000 5201101000 



6200101110 2100000001 4110001010 5201001100 5200111000 
8131102000 4021000010 5120001100 5020111000 6130000101 



6210111000 2100000001 2010000010 4111001000 4110010100 
6120011100 2010000010 3110000001 3011000100 3010101000 



6211001010 2100000001 3101000100 3100010010 5210101000 
810301012 401100011 400111001 400200101 



810300112 400210001 400101011 801301102 
7210012100 2100000001 3100101000 4110001010 4101001100 



621100011 420001100 521010010 521000101 
7300101110 2100000001 5210000110 5201001100 5200110100 



7031100110 5120100010 5021101000 5020110100 6130000011 
731101001 310011000 521000011 631100100 



6121110000 2010000010 3110000001 3011001000 7131010100 
814100101 402100010 402001001 10 25010200 



7131010001 4021001000 4020000101 5120110000 6030110010 
8141001010 4021000100 4020010010 5120101000 6130001001 



130011200 3011000100 4021000001 5120000110 5020101100 
310011200 2100000001 3101000100 5210000110 5200101100 



7131100100 3010110000 4120000010 4021001000 4020010001 
9241001010 4120000100 6130010010 9240111000 10 251000011 



10 15011200 603010110 603001101 10 25100200 
7130101100 5121001000 6131000001 6130110000 6130000110 



940111020 421000010 520100110 520010011 



41101100 420010100 521001010 841011001 



814011100 402001001 814000111 10 25100200 
7130111000 4120000010 4021010000 4020001100 8140011001 



14001101 10 25100200 12 26011200 12 26000211 



7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 



59 
59 
61 
63 
63 
65 
65 
65 
67 
67 
67 
69 
69 
71 
71 
71 
73 
73 
73 
77 
77 
81 
81 
81 
83 
83 
83 
83 
85 
85 
89 
89 
89 
89 
97 



/ 
/ 
/ 



/ 
/ 
/ 



/ 
/ 

/ 



53 



116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 



9240111000 4120000100 6131001000 6130010010 10 250011001 

10 2100115 40011002 12 2110026 
8100101104 4100000012 4010000102 4001001002 4000110002 

811100014 401000102 400101002 810011104 
8101100014 4010001002 6110000013 6101000103 6100110003 
8001110014 4100000102 4010001002 6100100013 6011000013 
10 011010025 4100000012 4010000102 6001001013 6000110013 

10 10211005 610100013 600110103 10 01202005 
8100101014 4100000102 4010001002 4001000012 6001010103 

811001014 401000102 400100012 801111004 
8011000114 4100000102 4000100012 6010001103 6001010103 
8011100104 4010001002 6110000103 6011000013 6010110003 
10 2110015 82011004 10 2101105 
10 21001015 611000103 610011003 820100014 
10 21100105 610110003 821000014 10 21011005 
10 211000015 4100001002 6110000103 6101010003 10 201100105 
8212102 4010120 /Z2:011000 
6100110102 2001000010 2000101000 4100010011 4010010110 
41001101 20100001 20010010 /Z2:0011000 
611012010 410011001 420000101 610121010 
61101110 20010001 62001201 
6011100101 3100100100 4100101001 4010100110 5010111100 
4111001 4020110 /Z2:001100 
6211101 6310011 /Z2:011000 
6311001 2000110 /Z2:010100 
4101000011 2000100100 3101001000 3010100010 3000110001 
6110110010 2000101000 3110000100 3101000010 3010010001 
6110010101 2010000010 2000100001 2000011000 3101000100 
4101000101 2001000010 2000001001 3100010100 3010100100 
5110100110 3101000010 3100110000 3000101100 5100101011 
4100010101 2010000001 2000100100 2000011000 3001010010 
6110101010 2100000001 3101000100 4111000010 5200011010 
8320011100 2100000001 3110000010 4111000100 4110101000 
6200111000 2100000010 3110000100 3101001000 3100010001 
730011110 311000001 521011000 630101100 



7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 



101 

77 

81 

81 

81 

81 

81 

85 

85 

89 

89 

93 

97 

97 

97 

97 

39 

43 

45 

47 

49 

50 

51 

53 

53 

53 

53 

53 

56 

56 

61 

61 

71 

73 

77 



/ 
/ 



/ 
/ 
/ 
/ 



/ 
/ 
/ 



/ 
/ 

/ 



54 



7300011110 2100000001 3110000010 5201000110 5200101010 
630100110 310011000 421000010 420000101 



401011100 3101000010 4210000100 4201000001 4200101000 
12 63001110 631100010 631010100 632000001 



12 63100110 311000001 631010010 631001100 
10 250111000 3110000001 4120000010 6131001000 6130010100 



12 63011100 311000010 842100100 842001001 



12 63011100 201000010 842100100 842001001 



12 63011100 842100100 842001001 12 06100140 



14 74011100 632000010 842100100 842001001 



16 58011100 623000010 10 35100100 10 35001001 



61010103 60111003 81100024 



12 11200206 610010103 601101003 811000024 



10101014 600111003 810002104 801110014 



811100014 810110104 810201004 10 11010205 
111000014 4010001002 6110000103 6001101003 8110110004 



18 9110106 12 6100014 18 9011016 



18 10901106 12 10600014 12 01601004 12 00610104 



55 



C RG details 

Below the detailed /3— functions for the soft-scalar masses, following the conventions of [61 
1 



/3. 



■QLl 



■QL2 



■QL3 



/3„ 



1^ "'$3 



/3. 
/3. 



QRl 



'QR'2 



■QR3 



247r2 
1 

247r2 
1 

247r2 
1 

247r2 
1 

247r2 
1 

247r2 
1 

247r2 
1 

24^ 
1 

24^ 



[-32g^ 


M|2 + (9^2 + 27m^) ( 


2 + + 


2A23 


+ A23 2A32 


+ A32) 


[-32g^ 


M|2 + (9^2 + 27m2) ( 


2 - 2Ai3 




+ A22 + 2A31 


+ AL) 


[-32g' 


M|2 + (9^2 + 27m^) ( 


2 + 2Ai2 - 




— 2A21 + A21 


+ Ay 


[-32g^ 


M|2 + (9^2 + 27m2) ( 


2 + A?i + 


2Ai2 


+ A12 — 2Ai3 


+ AL) 


[-32g^ 


M|2 + (9^2 + 27m^) ( 


2 — 2A21 


+ A^, 


+ A22 + 2A23 


+ Ay 


[-32g^ 


+ (9^2 + 27m2) ( 


2 + 2A31 - 


f AL 


— 2A32 + A32 


+ A33) 


[-32g^ 


+ (9^2 + 27m2) ( 


2 + A?i- 


2A21 


+ + 2A31 


+ AL) 


[-32g^ 


M|2 + (9^2 + 27m2) ( 


2 + 2Ai2 - 


f A?2 


+ A22 — 2A32 


+ A32) 


[-32g'' 


M|2 + (9^2 + 27m2) ( 


2 - 2Ai3 


-HA?3 


+ 2A23 + A23 


+ A33) 



1103) 



For example taking the following non-vanishing values for An = A12 = A21 = 1 and A13 = 
A31 = — 1 leads to an enhanced Yukawa contribution to (^m%^ required for a breakdown 
to the left-right model: 



/3. 
(3„ 



QLl 



'QL2 



•I3 



/3. 
/3. 



'QR2 



QR3 



247r2 
1 

247r2 
1 

24^ 
1 

247r2 
1 

247r2 
1 

247r2 
1 

24^ 
1 

247r2 
1 

247r2 



32g' 


M|2 


+ 3 (9^2 + 27m2 


32g' 


M|2 


+ 4 (9^2 + 27m2 




M|2 


+ 4 (9^2 + 27m2 




M|2 


+ 9 (9^2 + 27m2 




M|2 


+ (9^2 + 27m2)] 




M|2 


+ (9^2 + 27m2)] 


32g^ 


M|2 


+ (9^2 + 27m2)] 




M|2 


+ 4 (9^2 + 27m2 




M|2 


+ 4 (9^2 + 27m2 



(104) 
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